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Let  be a semisimple Lie algebra. Consider the set X of primitive ideals of the
Ž .enveloping algebra U  , given the Jacobson topology. A basic open problem is to
describe X as a countable union of algebraic varieties V with strata V as large as
possible. Towards this aim the notion of a sheet in X is introduced here in analogy
with the notion of sheet in the adjoint orbit space G. The sheets in X are
classified and given a purely topological description. Moreover Goldie-rank is
constant and maximal on a dense open subset of a sheet. For every positive integer
n it is shown that there are only finitely many sheets in X with maximal
Goldie-rank n. For n 1, which corresponds to completely prime ideals, an
Ž .extension of the Dixmier-map from some adjoint orbits to primitive ideals is
introduced with the aim of showing that the sheets with n 1 are homeomorphic
to sheets in G and hence explicitly described as algebraic varieties. This goal is
partly though not fully achieved. The proofs of the above results require a detailed
knowledge of Goldie-rank polynomials and even a new difficult result concerning
the support of their restrictions to the walls. An extension of a theorem of Soergel
on the topology of X is also required, and for this a new approach is given, which is
both simpler and more general.  2001 Academic Press
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1. INTRODUCTION
1.1
Let  be a complex semisimple Lie algebra with adjoint group G. Give
 the Zariski topology and give G the corresponding quotient topology.
A sheet in the orbit space G is a maximal irreducible subset of orbits of
 constant dimension. These were classified in 4, 5.6 , the result being noted
in 7.2 below. In particular every sheet is obtained by parabolic induction
from a singleton sheet corresponding to what we call a rigid orbit
Ž  .‘‘originell’’ in 4 . This notion of sheets is useful in understanding the
geometry of G and also in the study of the primitive spectrum X of the
Ž .  enveloping algebra U  ; see, for example, 63 . Take the Jacobson topol-
Žogy on X . Given I X , we define the GelfandKirillov dimension resp.
. Ž .Goldie-rank of I to be that of the quotient algebra U  I.
In the present paper, the sheets in X are analogously defined as the
maximal irreducible subsets of a fixed Gelfand-Kirillov dimension and
bounded Goldie-rank. The main result is a characterization of the sheets
by parabolic induction as follows. We say that I is rigid if it is not properly
Ž .induced Definition 2.7 and completely rigid if it is not minimal over an
ideal induced from a primitive ideal for a proper Levi subalgebra. For
example, if the associated variety of I is the closure of a rigid orbit, then I
is completely rigid. The sheets are precisely the sets obtained by induction
Ž . Ž .Definition 2.7 of a fixed completely rigid primitive ideal in U  , where
  is a Levi subalgebra, and taking minimal prime components of the
Ž .induced ideals Theorem 6.8 .
1.2
The sheets in X can be defined by various equivalent properties; see 5.5,
5.9, 6.8, and 8.13. In particular, they can be defined in purely topological
Ž Ž ..terms 5.9 iv . The topology of X determines the sheets as a family of
Ž .subspaces and the order relation on X . And conversely the sheets, as a
Ž .family of subspaces, in combination with the known order relation on X ,
Ž .determine the topology on X 8.2 . So this paper as a study of sheets can
also be viewed as a study of the topology of X . In intuitive geometric
terms, a sheet can be viewed as an algebraic variety endowed with a
strange boundary. Precisely spoken, each sheet contains a dense open
Ž .subset homeomorphic to a quasi-affine variety 8.13 . Projected to central
characters, this open dense subset is an unbranched covering space with
Ž .covering degree 1, 2, or 3 if  is simple 8.7 . Moreover, the Goldie-rank is
Ž .constant and maximal on a dense open subset 8.3 .
BORHO AND JOSEPH78
From those various characterizations of sheets, it seems that this notion
Ž .is really significant in the study of X and of the prime ideals of U  .
1.3
1 Ž .The completely prime part X of X decomposes into finitely many!
similarly defined sheets in X 1. Here conjecturally, rigid and completely
Ž .rigid coincide. The DixmierKirillovKostantSouriau orbit method
1 Žcompares G to X . The Dixmier map maps most sheets in G the
. 1polarizable ones to sheets in X . We partially extend this result here by
extending Dixmier’s map to non-polarizable sheets. However, it was al-
ready known that a rigid orbit can give rise to more than one completely
   prime ideal 37 . Again a result of McGovern 52 gives a completely prime,
Ž .completely rigid primitive ideal so a singleton sheet whose associated
variety is the closure of an orbit which is not rigid and so corresponds to
Ž . 1another sheet 7.12 . So the sheet structure of X , though finite, is
somewhat richer than that of G. The classification of sheets in X 1 may
be helpful in approaching the still open problem to determine X 1.
1.4
Ž .Our characterization result on sheets 5.5 is based on the following
Ž .finiteness theorem 4.2 :
Ž .THEOREM. Gien N, the number of rigid primitie ideals of U 
with Goldie-rank N is finite.
 For N 1, this result was already announced by Vogan in 62, 9.14
without proof. In fact, he characterized this as an ‘‘extremely difficult’’
 result due to Joseph 35 . However, we doubt that the theory of Goldie-rank
 polynomials as far as developed in 35 suffices for a proof. The proof we
give here in Sections 3 and 4 heavily uses the more advanced theory of the
 Goldie-rank polynomials as further developed in 38, 42, 43 . After consult-
 ing Vogan, it seems necessary to publish our present proof. Given 43 the
basic idea of the proof in 4.2 is quite simple, but the degenerations of
Goldie-rank polynomials on the walls cause difficulties. These are con-
trolled only by some major efforts in Section 3, where we establish a result
on the support of a Goldie-rank polynomial under restriction to the walls.
1.5
Let us summarize the contents of the individual sections of this paper.
In Section 2 we recall some aspects of the theory of Goldie-rank polynomi-
als, and compute the Goldie-rank polynomial of an induced ideal.
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In Section 3 a support property for the degeneration of Goldie-rank
polynomials on the walls is established to prepare Section 4.
In Section 4 some finiteness theorems for rigid primitive ideals are
proven, using essentially the results of Sections 2 and 3.
In Section 5 the notion of sheets is introduced. For a good characteriza-
Ž .tion of sheets in 5.5 and 5.9 we need first the finiteness theorem above
and second an extension of a theorem of Soergel on the topology of
Ž .X 5.1 .
In Section 6 we characterize the sheets by parabolic induction from
Ž .completely rigid ideals 6.8 . We also analyze when different induction
Ž .parameters describe the same sheet 6.5 and 6.9 . The classification of
sheets is reduced to that of completely rigid ideals.
ŽIn Section 7 we define a Dixmier map for non-polarizable sheets under
.a certain assumption which extends the classical definition for the polariz-
able case of Dixmier. The well-definedness of this map is a delicate point
and remains open in the non-regular case in types D and E . The map isn n
Ž .continuous and closed onto the image 7.11 .
In Section 8 we first discuss the relation of sheets to the topology of X .
Then we show that a sheet is well behaved on a dense open subset: The
Ž .Goldie-rank is constant, the induced ideals are primitive 8.4 , and the
projection to central characters is an unbranched covering of algebraic
Ž .varieties 8.6 .
Remark. The KazhdanLusztig conjectures are at some points impor-
tant but not central for our paper. We have generally avoided the use of
KazhdanLusztig theory for the non-integral case whenever possible.
However this is certainly not possible when it comes to the ordering of
Ž .X Prim U  described in terms of KL-polynomials. We are able to show
Ž . Ž .8.2 that the KL-polynomials also determine the ordering in Spec U 
Ž . Ž .and hence the topology of Prim U  or of Spec U  . So admitting the
Ž .truth of the KazhdanLusztig conjectures in the general case we fully
determine this topology. Recently the status of these conjectures for
arbitrary weights was clarified in a preprint of Kashiwara and Tanisaki
  Ž48 . These authors establish this result even in the affine case for
.non-critical highest weights and comment on the history of the semisimple
case, where they say the result follows from work of Beilinson and
Ž .    Bernstein unpublished , Lusztig 50 , and Jantzen 28 .
The first author thanks K. Bongartz, V. Kac, and P. Slodowy for helpful
discussions on the combinatorial problems relating to the well definedness
of a Dixmier map. We thank J. Bernstein, M. Duflo, W. M. McGovern,
and D. Vogan for kind cooperation. We also thank C. Heinz for typing
numerous versions of this paper.
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2. GOLDIE-RANK POLYNOMIAL OF INDUCED IDEALS
2.1
In this paper, we denote by
 a complex semisimple Lie algebra
 a Cartan subalgebra
	  a Borel subalgebra
 the nilradical of 

R the root system relative to 
Ž .P R the lattice of integral weights
B the basis relative to 
R the set of positive roots

 half the sum of positive roots
W the Weyl group
s the reflection in W corresponding to the root 
Ž .w. w 
    the shifted W action
 a parabolic subalgebra containing 
 the nilradical of 
 the Levi subalgebra of  containing 
 the center of  , which is identified with its dual  by Killing-form
 the Killing orthogonal of 
R R the root system of 
B B its basis
W  the subgroup of W corresponding to B
W the stabilizer of  in W
 Ž . half the sum of the roots in RR  R .

Given   , we denote by
Ž . Ž 
 P R the lattice of its integral translates except in Sections 5
.and 6
Ž .W W the stabilizer of  in W the ‘‘integral Weyl group’’ 
W 0 the stabilizer of  in W with respect to the shifted action
0  4‘‘ regular’’ W  e
² :R  R the subset of R of roots  such that 
 ,  is 
integral

 ² :R the subset of R of roots  such that 
 ,   0 
‘‘ dominant’’ R
  R 


 the dominant elements of 


 the dominant regular elements of 
B the basis of R of roots in R  

0 Ž . ²B for  dominant the set of roots  B with 
 , 
:  0
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Ž . Ž .M  the universal Verma module of highest weight  for 
Ž . Ž .L  the simple quotient of M 
Ž . Ž . Ž .I  the annihilator of L  in U 
Ž . Ž . Ž .  M  , L  , I  , W , B their analogues relative to . 
2.2
Ž . Ž .The character polynomial p L of a U  -module L in the category O
with formal character ch L is defined in the following fashion. For any
  Ž  .finite sum S of exponentials e :   , let gr S S  denote the
lowest degree term obtained by summing the expansion of each e. For a
Ž .semisimple weight module E, let  E denote its set of weights and define
 E  1 e .Ž . Ž .Ł
Ž . E
Then
p L  gr n ch L.Ž . Ž .

Ž . Ž  .mThis is a homogeneous polynomial p L  S  known to be of degree
Ž . Ž .m dim   d L . Here and in the following we use d  to denote

GK-dimension of an algebra or a module over an algebra which is usual-
Ž .ly U  .
2.3
Ž .  To any coherent family of U  modules, Vogan 59, Section 4 , assigned
a function determined by HilbertSamuel multiplicities which remarkably
turns out to be a polynomial in . Such a family is obtained by translation
from a fixed module L. We examine this in the special case of the O
category.
Ž .  
 ²Consider  
 P R . For each  B , let C  	  	
 
: 4 

  ,   0 be the -wall adjoining  . Given B  B, set CB 
  C . The facette FB defined by B is just the Zariski open subset of B 
    4 CB complementing CB : B  B . It has closure CB . More generally
a facette F in  is a W translate of some FB.


 Ž .Assume that  and wW and take L L w. . Then the
 	 Ž . 
4coherent family attached to L is just the set T L w. : 	 where
	    the T denotes the translation functor of 29, 4.12 ; see also 28, Kap. 2 . It
  	 Ž . Ž .is an exact functor. One has 28, 2.11 T L w.  L w.	 , if w is the
0 	 Ž .unique maximal length element in its right W coset and T L w.  0	 
otherwise. In the first case w.	 belongs to the upper closure of the facette
˜Ž  .defined by w. see 28, 2.6, 2.11 . We let f denote the Vogan polyno-w
mial of this family. It has a zero at 	
 exactly when the second case
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above holds. Notice that we could just take 
, say  FB, as long
as wW is maximal in the above sense, and restrict 	 to CB. Then the
Vogan polynomial of the resulting coherent family is just the restriction of
˜ f to CB .w
˜ ŽThe description of f as the Jantzen polynomial in the terminology ofw
  .35 , which turns out to be proportional to the Vogan polynomial will
Ž .

involve an arbitrary but fixed element h P R . We express this
˜ ˜Ž .through the notation f  f h , giving a formula for the latter below. Itw w
 Ž . Ž  .is actually a deep fact 42, 5.1  cf. 8, 5.17 that different choices of h
˜only change f by a multiplicative scalar. It is convenient to suppose thatw
h  unless otherwise specified.
 Given M O, let M denote its Grothendieck group representative.
For all 	

, wW one has a finite integral sum
 L w.	  a w , w M w.	 ,Ž . Ž . Ž .Ý 
wW
with coefficients depending only on . This remains valid for 	
 if
Ž . 	 Ž .we use the convention that L w.	 denotes T L w.	 . In this case we	
Ž Ž .. Ž 	 Ž ..also take p L w.	 to be p T L w.	 and hence equal to zero if the	
latter module is zero.
Ž .The Vogan polynomial relates to the character polynomial 2.2 as
follows. For all 	
 one has
1 m  1˜ ² :f h 	  a w , w 	 , w hŽ . Ž . Ž .Ýw 
m! wW
1 m ² : a w , w w	 , h  p L w.	 h ,Ž . Ž . Ž .Ž .Ý 
m! wW
 Ž .where the first equation is 29, 9.13 1 and the last holds by definition.
Ž . Ž 1 1.   Now we have a w, w  a w , w for all w, w W by 33 ; see  
  
also 8, 5.15, proof of lemma . This gives for all  , that
1 m ˜ ² :f h   a w , w w, hŽ . Ž . Ž .Ýw 
m! wW
1 m1 1² : a w , w w , hŽ .Ý 
m! wW
1 m 1 ˜² : 1 a w , w , w h  f  h .Ž . Ž . Ž .Ý  w
m! wW
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So we have
˜
1p L w.  f  .Ž . Ž .Ž . w
To summarize:
Ž .PROPOSITION. The character polynomial of L w. is the Vogan polyno-
Ž 1 .mial of L w . .
2.4


  Fix  and wW . The translation functors of 11 , as modified
 slightly in 29, Kap. 5 , are derived from those of 2.3 and will be noted by
  	Ž .the same symbols. One has by definition 29, 5.4 , that T Ann M 
Ž 	 . 
Ann T M : 	 . They produce from a single ideal I with central
character defined by  the coherent family of ideals T 	I: 	
. In
	 Ž . Ž . 	 Ž .particular T I degenerates to U  if I I w. and T L w.  0. The 
Goldie-rank function p is defined byw
p 	
   rk U   T 	I w.Ž . Ž . Ž .Ž .Ž .w 
Ž .and given the value zero in the degenerate case . We shall often simply
	 Ž . designate the whole coherent family T I w. by I , or even just I, and w
p by p . Remarkably p extends to a homogeneous polynomial on .w I I
  Ž  More precisely one has 35, II, Theorem 5.1 or see 29, Kap. 14 for an
 .exposition noting in particular 29, Satz 14.7 .
THEOREM. The Goldie-rank polynomial of a coherent family I is propor-w
tional to the Vogan polynomial and hence is gien by the character polynomial
Ž .as follows using the conention of 2.3
p 	  p 	  rk U  I w. 	 Ž . Ž . Ž . Ž .Ž .I w
˜ 
 c  f  	  c  p L w.	  , 
	 ,Ž . Ž . Ž . Ž .Ž .w
where c is a rational constant  0.
Remarks. The scaling of the character polynomial has no particular
meaning. The scaling of the Vogan polynomial has a meaning but is of no
particular importance. The scaling of the Goldie-rank polynomial is of
Ž .fundamental importance since its knowledge determines implicitly the
1 Ž .completely prime part X of X . The scale factors are known implicitly in
   Ž .type A but only partially in general 40 . Conjecturally 41, 8.4 i everyn
ŽGoldie-rank polynomial takes the value one on some element of  but

.not necessarily on  and this would determine the scale factors rather
 Ž .nicely. We remark that the last two parts of the conjecture in 41, 8.4 i
 are false 45 .
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Ž . 
 	Note again that p 	  0: 	 exactly when T I degeneratesI 
Ž .to U  .
2.5
Take  regular and LOb O with central character defined by .
Ž . 1 
 Ž .Ž . Ž 	 .Ž .Define a polynomial p L on y . by p L 	  p T L  , where yˆ ˆ 


 Ž .is the unique element of W such that y. . Take I I  and
1 1 
 Ž 1 .Ž . Ž Ž ..define y p on y . 
  by y p 
   p y 
  .I I I
LEMMA. Retain the aboe hypotheses. There exists a rational scalar c 0
such that
Ž . 1 Ž Ž ..a y p  cp L  .ˆIŽ.
Ž .b Let M be a module in the category O with a unique simple
Ž . Ž .subquotient L of maximal GK-dimension. Let Ann M I  . Then cp Mˆ
 y1 p .IŽ.
Proof. For  y1.
 we have
y1 p 
   p y 
   p y.
 Ž . Ž . Ž .Ž .I I I
 cp L 
    cp T 
L  Ž . Ž . Ž . Ž .Ž . Ž .

 cp L  
 Ž . Ž .Ž .ˆ
Ž .by Theorem 2.4. This proves a .
Ž . Ž . Ž . Ž .For b note that p M  p L because smaller GK- dimensional Jor-
danHolder factors do not contribute to the character polynomial. With-¨
Ž . Ž . Ž .out loss of generality, L is L  ; so b follows from a . Q.E.D.
2.6
Ž .PROPOSITION. Let M be a U  -module of regular central character gien
by   with a composition series of simple highest weight modules. Let
Ž . Ž . Ž .I  I  , . . . , I  I  be the minimal prime hence primitie ideals1 1 n n
containing Ann M of maximal GK-dsmension. There exist rationals c  0i
such that
p M  c y1 pŽ .ˆ Ý i i Ii
i
where y W makes y . dominant.i  i i
Proof. Each I is the annihilator of some composition factor L ofi i
1Ž . Ž Ž . .   Ž .maximal GK-dimension, since d L  d U  I 32 . By 2.5 a wei i2
Ž . Ž .have p  y p L if L  L  and y . dominant, where the propor-ˆI i i i i i ii
Ž .tionality factor is positive.  means proportional.
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Now let L , . . . , L be those simple subquotients in a Jordan-Holder¨1 r
series of M with maximal GK-dimension. Then the other simple subquo-
tients do not contribute to the character polynomial, so
p M  p L 
 
p L .Ž . Ž . Ž .1 r
Now let 	 be an integral translate of  in the same facette as . Then the
	 	 Ž 	 . Ž 	 .translates T L are simple subquotients of T M, so p T M  p T L i    1
Ž 	 . Ž . 1
 
p T L . Since each p L is proportional to some y p with Iˆ r i j I jj
of maximal GK-dimension, the proposition follows. Q.E.D.
Remarks. The corresponding result for NOb O, with a not necessar-
ily regular character in some facette F, holds by a similar argument. If N
is obtained from M by translation and not all its simple factors L ofi
Ž . Ž . 	maximal dimension translate to zero, then p N  p M and the aboveˆ ˆ F
Ž . 1formula determines p N by restriction of y p . Here some of the latterˆ Ii
may vanish on F corresponding to the translation of the corresponding Li
to zero.
The above formula is implicit in earlier work on Goldie-rank and indeed
special cases had been a basis for the proof of Theorem 2.4.
2.7
Now recall that 	  is a parabolic subalgebra of  , given by a
subbasis B B, and that   is its decomposition into the Levi
subalgebra 	  and the nilradical . Let  op be the opposite of  , so
 op .
Ž . Ž .EXAMPLE. Let J U  be the augmentation ideal of U  . Then the
Ž .Goldie-rank polynomial p is, up to an explicit factor making p   1,J J
the product p  of all positive roots in the root system R of . In fact, thisB
is a well-known consequence of Weyl’s dimension formula.
Ž .DEFINITION. Given any ideal J in U  , we define the induced ideals in
Ž .U  for   by
I J ,  Ann U   U  J ,Ž . Ž . Ž . UŽ . 
Ž .where  is the one-dimensional -module of weight  and U  J is a
-module with trivial action of . Note that we usually shall assume J to
Ž .  Žbe primitive, say JAnn L  . Let yW make y. dominant relative
 .to B .
Ž . Ž . Ž .We shall denote by M  U   L  the induced module, UŽ .
Ž . Ž . Ž .where  acts trivially on L  . We have then I J,  Ann M 
  . 
Ž . Ž .Now assume that I J,  is primitive; say I I  . Take wW so 1 
that w. is dominant. We show that its Goldie-rank polynomial p takes a1 I
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rather special form. The result was essentially known before and in
particular occurs in the proof of Theorem 2.4. However the latter uses a
more advanced theory which we shall nevertheless briefly discuss in
4.44.6.
We shall not assume that  is regular, but then we shall only descirbe1
the Goldie-rank polynomial p on the closure of the facette F containingI
w. . We can absorb  into  and so take  0.1
THEOREM. Retain the aboe notation and hypotheses. Let p resp. pJ I
denote the Goldie-rank polynomial defined by the coherent family defined by J
Ž . 1 1resp. I I J,  . Then there exists a rational c 0 such that cw p  y p I J
on F.
Ž .Proof. Clearly M  has a JordanHolder series with simple quotients¨
Ž . Ž Ž ..of the form L 	 , so by Proposition 2.6 the polynomial p M  is aˆ 
linear combination of the conjugated Goldie-rank polynomials y1 p ofj Ij
the minimal components I of I. But by assumption, I is itself primitive, soj
p M   w1 p . Ž . Ž .ˆŽ . I
Ž .For the left-hand side we compute p N for the coherent family of
	 Ž . Ž .translates N T M  with 	 
 P R , where we assume 	 to be in 
the same facette as  . By Proposition 2.9 below translation commutes with
induction, so we have
N T 	M  M 	 .Ž . Ž .  
We compute its character polynomial from
1 opch M 	  ch U   L 	    ch L 	Ž . Ž . Ž . Ž . Ž . 
as
1  p M 	  gr    ch L 	Ž . Ž . Ž . Ž .Ž . 

   gr   ch L 	  p L 	 .Ž . Ž . Ž .Ž .Ž .

It follows that
p M  	  p T 	M    p M 	 Ž . Ž . Ž . Ž . Ž . Ž .ˆŽ . Ž . Ž .   
 p L 	   p T 	L    p L  	 .Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž .Ž . ˆ
Ž .In conclusion, we get using 
w1 p  p M   p L   y1 p ,Ž . Ž .Ž .ˆ ˆŽ .I  J
and hence the proposition. Q.E.D.
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Ž .Remarks. If I is not primitive but has minimal components I  I  ,i i
i 1, . . . , n, then the proof shows that p is a linear combination of theJ
1 Žyw p , where w W makes w . dominant. We may write w .  w. i I i i i i ii
. 1
 for some wW independent of i. Then we obtain p  yw Ý c pJ i i Ii
with positive scalars c . See 4.5 for more details and an alternativei
proof.
In principle we should have been more careful concerning the choice of
1 1w when  is not regular. However when we evaluate w p on w .F,1 I
different choices give the same result. A similar remark concerns y. The
Ž . Ž .scalar c arises because rk U  I may not equal rk U  J. We note later
in 4.5 that c is an integer  0 and if the induced module is simple, it even
divides the order of the component group of the nilpotent orbit whose
Ž .closure is the associated variety of I. However we only use implicitly the
weaker fact that if we write c rs with r, s integer and coprime, then
r, s cannot be too big because otherwise w1 p and y1 p could not bothI J
take integer values on F.
   4Set D  wW  wB  R which is just the set of minimal right coset

 Žrepresentatives of W in W. Taking  regular in the above to avoid a
. 1  minor technicality one checks that wy D W D . 
2.8
Ž .EXAMPLES. 1. If J is the augmentation ideal of U  , then p is a WeylI
group translate of p  . However not all Weyl group translates are Goldie-B
rank polynomials.
 4Take  of type A with B  ,  ,  .3 1 2 3
Ž . 2. Observe that s s      
  
  . One may show 36,  1 3 2 1 2 31 2
11.5 , that this is a Goldie-rank polynomial induced from an ideal with
Goldie-rank polynomial   . However the induced module cannot be1 3
taken to be simple, except at non-regular characters.
1  Ž .3. One may show 36, 11.5 , that p    
 2 
  is a1 3 1 2 32
1 Ž .ŽGoldie-rank polynomial. It restricts on C to   
   
  
 1 2 3 1 2221. Ž .  s p for definition of p see 2.7, example . On C the3   ,  4 B 2 3 1 2 2
corresponding ideal may be induced from an ideal with Goldie-rank
1 1poynomial p . Generally s p is a sum of two Goldie-rank ,  4   ,  42 21 3 1 2
polynomials, one of which vanishes on C .2
2.9
We used in the proof of Theorem 2.7 that translation commutes with
Ž .parabolic induction in the following sense. We write Ind MU  UŽ .
M for any -module M considered as an -module in the trivial way. We
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denote by T  resp. T  the translation functors of -resp. -modules as	 	
  Ždefined in 29, 4.12 . Although in the latter reference 	,  are assumed to
be dominant, this is unnecessary. In this more general context T  T w ,	 w	
.for all wW.
PROPOSITION. Take 	  arbitrary in some facette F and  F. Then
T  Ind L 	  Ind T L 	 .Ž . Ž .	 	
Ž . Ž .Proof. Let E be a U  module not necessarily finite dimensional .
Ž .Consider E as a U  module by restriction and form the induced module
Ž .Ind E L 	 . As a consequence of a rather general Hopf algebra fact
  Ž .44, 8.1.6 , this is isomorphic to E Ind L 	 . Now choose E to be the
Ž .simple finite-dimensional U  module with extremal weight  	. Let
MOb O be a module with central character defined by 	. Then T M is	
defined to be the direct summand of EM with central character
Ž . Ž .defined by  . Now take M Ind L 	 . Then M is a quotient of M 	
 . Ž . Ž . Žand moreover by 28, 2.10a one has T M 	 M  , since  F. This	
Ž Ž . .  4results from the purely combinatorial fact that  E 
 	 W. 
.  under the above hypotheses on 	,  . Since T is exact, T M is a quotient	 	
Ž . Ž . of M  and it may be zero . By the above isomorphism, T M occurs as a	
Ž Ž .. Ž direct summand of Ind E L 	 and indeed through the proof of 44,
. Ž  Ž ..  Ž .8.1.6 also as a direct summand of Ind E  L 	 , where E is the U 
 Ž .simple subquotient of extreme weight  	. Yet T L 	 is by definition	
 Ž .the direct summand of E  L 	 with central character defined by  and
 . Ž . Ž .by 28, 2.10a applied to U  ; this is just a quotient of M  which is
Ž .induced to a quotient of M  . These quotients must coincide since they
Ž . Ž Ž ..do so in E Ind L 	  Ind E L 	 . Hence the assertion. Q.E.D.
 Remark. By 29, Lemma 5.4 we obtain the corresponding result for
translation of ideals. It implies that rigidity is preserved within a facette F,
but as we saw in Example 3 of 2.8 it may be lost on translation to a wall.
Nevertheless we talk of a rigid family of primitive ideals with respect to
 
Ž .some FB usually a Weyl group translate of  when the ideals corre-
sponding to FB are all rigid.
2.10
The following corollary to 2.7 will be needed in 8.6. Consider primitive
Ž .  Ž . Ž .  ideals JAnn L  , J Ann L  of U  with  ,    having the
same central character. Take   such that the induced ideals I
Ž .  Ž  . I J,  , I  I J ,  are primitive. We wish to show that J J implies 
I I . This is quite possibly true, but we just establish the slightly weaker
statement below.
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Since J, J  have the same central character, we may assume by an old
Ž .    Ž Ž ..result of Duflo see 3.12 that  W . . Then  N 
 P R 
  Ž . 4  4 . Set      I J,  is primitive and     	N .J  N Ann L Ž 	 .
We claim that  is a finite intersection of appropriate   . IndeedN Ann L Ž 	 .
 Ž .if 	 belongs to the upper closure of the facette defined by 	, then by
Ž  .translation principles specifically 2.9 and 11, 2.12 it follows that
Ž .   	  but we do not know if equality holds . Hence itAnn L Ž 	 . Ann L Ž 	 .
suffices to take representatives in the finitely many regular facettes. We
Ž .shall show 8.4 that  is open dense in  and hence so is  , but thisJ N
is not needed for the moment. Again arguing as in 4.7 we could also
 4show that    	  is open dense. This will not be neededAnn L Ž 	 .
however.
 Ž . Ž .COROLLARY. Let J, J  Prim U  be as aboe and set I I J,  ,
 Ž  .  I  I J ,  :   . If J, J hae the same central character, then J J N
implies I I .
Proof. We assume first that  is B regular. Let   be the B
   Ž .dominant element of W .W . . We can write 
  x. 
  , 
 Ž .   
  x. 
  , for some x, x W .
Ž . 1 Ž .Take wW so that w. 
  is B dominant. Then wx . 
  
Ž .w. 
  is B dominant. Then by Theorem 2.7 the Goldie-rank polyno-
mial p of I is given byI
cxw1 p  xpI J
for some scalar c 0. Thus p is proportional to wp . Similarly, p  isI J I
proportional to wp  . So if I I , it follows that p , p  are proportional.J J J
Since the central characters of J, J  coincide, we conclude that J J  by
 the linear independence of Goldie-rank polynomials 35, II, 5.5 .
Ž .   If  equivalently  is not B regular, we can still choose by 11, 2.12
 Ž .	N and primitive ideals j, j of U  with central characters defined by
    Ž .	 such that J T j, J  T j . By definition of  the ideals i I j,  ,	 	 N 
 Ž  . i  I j ,  :   are primitive. The assumption J J implies that N
   Ž  . Ž .j j and so i i by the first part. Yet T i I T j,   I J,   I	  	 
    by 2.9. Similarly T i  I . By 11, 2.12 , which asserts that translated ideals	
Ž . can only coincide if they degenerate to U  , we conclude that I I .
Q.E.D.
2.11
Ž .In general an induced ideal I I J,  as above need not be primitive.
Then the task arises, basic for our paper, to decompose I into its prime
Ž .hence primitive components, that is to say to determine the minimal
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primitive ideals containing I. This can be performed explicitly if we know
Ž .the Goldie-rank polynomials up to scale factors of the primitive ideals.
The procedure is as follows. Let p be the Goldie-rank polynomial of the
Ž .coherent family containing J. Let JAnn L  . We may forget about
Žthe induction parameter , since this can be absorbed in  which may
.then be no longer in  . Notice that  need not be regular. Choose
Ž . Ž . 0 Ž 0.xW resp. yW maximal cf. 2.3 in its right W resp. W coset   
Ž . Ž . 1such that x. resp. y. is B resp. B dominant and set w xy . Take
  Ž .   regular such that J Ann L  translates to J in the sense of
  Ž  .11 . Then to the induced ideal I J , 0 we can associate the polynomial
Žwp for wW as discussed in 2.7. Here wp is the Goldie-rank polynomial
Ž Ž .. . Ž .of F M  as described in 4.4. From the known list of Goldie-rank
Žpolynomials of primitive ideals relative to the appropriate lattice defined
. Žby  we can decompose wp into Goldie-rank polynomials p by thei
Ž ..additivity principle for Goldie-ranks, see, e.g., 4.5 ii , and these give the
Ž  .minimal primes over I J , 0 as discussed in the remarks following 2.7 or
Ž .in 4.5. Finally, the minimal primes over I J, 0 are just obtained by
translating back again, which commutes with induction by 2.9. However
Ž .this latter process by the comments in 2.4 is nothing more than restrict-
Žing the p to the appropriate facette where some may vanish, so theni
.there are less minimal primes over this induced ideal . Hence the minimal
primes over J are the ideals with central character defined by W. and
corresponding by 2.4 to those p in the decomposition of wp for whichi
Ž 1 .Ž .x p x.
   0.i
Ž .Recall from 2.3 that the Goldie-rank polynomials up to scale factors
are determined by the multiplicities of Verma modules and hence by the
KazhdanLusztig-polynomials. Thus we have shown that we can explicitly
Ž .decompose I J,  into its minimal prime components from a knowledge
of the KL-polynomials. This may be rather difficult in practice. However
many Goldie-rank polynomials can be determined without the use of
KL-polynomials.
3. A SUPPORT PROPERTY OF GOLDIE-RANK POLYNOMIALS
3.1
Ž .Here we study a Goldie-rank polynomial p of . By definition see 2.4
Ž .it is given as p p by some primitive ideal I of U  . Since I is someI
Ž .  Ž .I  , p is given by some weight   . Let us call p integral if  P R
is integral. We shall first study the integral case.
Ž  .By definition p is a homogeneous polynomial in S  , which we
 identify with the polynomial ring  B . There is a unique smallest subset
SHEETS OF PRIMITIVE SPECTRA 91
    B of B such that p lies already in  B . This subset B is defined to be
the support Supp p of p. In terms of partial derivatives, one has
 p
Supp p  B  0 .½ 5
Ž .We have an identification notation 2.3
 	   S   BB ;Ž . C B
	  so the restriction p has a support which is some subset of BB . OurC B
aim is to prove the following support property of p:
PROPOSITION. Let be an integral Goldie-rank polynomial. Let CB, B
Ž .B notation 2.3 be any intersection of walls to which p has nonzero
restriction. Then
	  Supp p  Supp p B .Ž .C B
The inclusion  is trivial. The non-trivial inclusion  will be proved
in 3.8. For this proof we need the following five lemmata.
3.2
Ž . Recall 2.1 that  is the standard parabolic subalgebra given by B , and
 is its Levi factor. We denote here by   the nilradical of  and byB
W W the Weyl group of . Let B, B resp. M  be the connectedB B
subgroups of G corresponding to  ,   resp.   . So B resp. B areB
Borel subgroups for  resp. . We write now   for short, and put

   .B
An orbital variety in  is, by definition, given by a Weyl group element
wW as
V w  B  w ,Ž . Ž .
i.e., the Zariski closure of the B-stable subset of n generated by  w.
Similarly, we denote the orbital varieties in  by
    
  V w  B   w  for w W .Ž . Ž .B B B
Recall that wW determines a unique wW  such thatB
  w   w  . 1Ž .B B B
LEMMA. Gien wW, we hae
V w    V  wŽ . Ž .B
 Ž .with w determined as in 1 .
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Proof. The inclusion 	 is obvious. Conversely, note that
 w   w
  wB B
by weight-space decomposition, and hence
B  w B   w 
 Ž . Ž .B B
since   is B-stable. Now B decomposes as BBM  . Given x  ,B B B
y   one hasB
i
ad x y , for all i 0,Ž . B
hence
exp ad x y
 y mod   .Ž . B
So we conclude that
M    w    w
 Ž .B B B B
and so
B  w BM    w 
 B   w 
  .Ž . Ž . Ž .B B B B B
This gives us

 V w  B  w  B   w 
Ž . Ž . Ž .B B
 V  w 
  ;Ž . B
Ž . Ž Ž . . Ž .  hence V w    V w 
    V w . Q.E.D.B B B
3.3
For each -stable subvariety V of    , we define its characteristic

Ž  .     Žpolynomial p in S   B as in 38, 2.4 . For an alternative defini-V
  .tion of this polynomial as an ‘‘equivariant characteristic class’’ see 8, 4.8 .
By definition, p is a homogeneous polynomial of degree codim V. TheirV 
Žsignificance for Goldie-rank polynomials arises from the fact see 3.6
.below that the Goldie-rank polynomials are linear combinations of the
Ž .characteristic polynomials p of orbital varieties V w , wW.V Žw .
Note that if V   , then we have not only the characteristic polyno-B
mial p of V viewed as a subvariety of  , but also the characteristicV
polynomialdenoted by p of V viewed as a subvariety of   . It isV B
easily verified that in this case the relation between p and p is given byV V
p  p  .ŁV V

R  R
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LEMMA. Let wW, wW  as in the preious lemma. LetB
d codim V w  codim V  w  deg p  deg p   .Ž . Ž .  V Žw . V Žw .B
Let D be a monomial in the deriaties  ,  BB. Then
Ž .   a For deg D d one has Dp  B .V Žw .
Ž . Ž .b When a holds
Dp  cp  V Žw . V Žw .
for some nonnegatie rational scalar c.
Ž . c The degree of p in the indeterminates  ,  BB alone is d.V Žw .
In particular, d is the maximum degree of a monomial D such that Dp  0.V Žw .
 4 Proof. Take an ordering  ,  , . . . ,   R R of the positive roots1 2 n 

not in R. Let  denote the -stable complement of the weight space i
 i Ž L L L. in . We consider the set L of chains L V , V , . . . , V begin-0 1 n
L Ž . Lning with V  V w and continuing by choosing V as an irreducible0 i
component of V L  . Note that V L occurs with a certain intersec-i1  ii
tion-multiplicity nL in the intersection V L  . There exist such chainsi i1  iL Ž . ending in V  V w . Let L  L denote the subset of those chainsn
Ž . ending in V w , so L .
 These chains can be used by the method of 42, Section 8 , to compute
 the characteristic polynomial p . In fact, it follows from 42, 8.2 and 8.3V Žw .
that
p  L p L 1Ž .ÝV Žw . V Žw . Vn
LL
where
n
L L  n  ,Ł ŁV Žw . i i
L Li1 V Vi i1
and moreover
dim V L dim V w  i  V L  V L .Ž .  4n i i1
Using Lemma 3.2, we have
V L V w    V w    V  wŽ . Ž . Ž .n  B

R  R

So
dim V L dim V  wŽ .n
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L Ž .  with equality if and only if V  V w , i.e., L L . So if L L  L ,n
L Ž .then dim V  dim V w is not maximal, and it follows that the factorn
L does not have the maximal possible degree d.V Žw .
Note that
deg L  i  V L V L  n i  V L  V L 4  4V Žw . i i1 i i1
 n dim V w 
 dim V LŽ . n
 codim V w  codim V LŽ .   nB
 codim V w  codim V  w  dŽ . Ž .  B
with equality for L L . So if deg D d, then DL  0 for all L.V Žw .
Since p L is a polynomial in the  ,  B it is also annihilated by D. SoVn
Ž .it follows from 1 that Dp  0. The same argument proves that, forV Žw .
L Ž .deg D d, D  is a scalar, so again by 1V Žw .
   LDp   p  BÝV Žw . Vn
Ž .which is a of the lemma.
Ž . LTo prove b , we have deg D dmax deg  and so it followsL V Žw .
that D reduces L to a nonnegative rational scalar c , even to zero,V Žw . L
 Ž .unless L L . So by 1
Dp  c  p   .ÝV Žw . L V Žw .
LL
Ž .This proves b of the lemma.
Ž . To prove c , let deg denote the degree in the indeterminates  ,
 BB alone. Note that deg L  deg L since L is a poly-V Žw . V Žw . V Žw .
 Ž .nomial in the roots  R R . Now it follows from formula 1 that

deg p  max deg L  max deg L  d ,V Žw . V Žw . V Žw .
L L
since by positivity of nonzero coefficients the highest degree terms of the
L p L cannot cancel. This proves the lemma. Q.E.D.V Žw . Vn
Remark. An analogous result might hold for Goldie-rank polynomials
and would simplify the proof of Proposition 3.1. For  	 this does inn
 fact hold by the irreducibility result of Melnikov 54 .
3.4
LEMMA. Let 
   be a finite-dimensional Lie algebra with b a
Ž . subalgebra and  an ideal. Let L be a left ideal of U  , and let L be a left
Ž . Ž .ideal of U  contained in its augmentation ideal U  . Then
gr U 
 L
 L  gr L
 S 
  .Ž . Ž . Ž .
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Ž .  Ž .Proof. By the hypothesis U 
 L U 
  , which is a two-sided ideal of
Ž . Ž . Ž .U 
 complementing U  . Hence U  identifies with a quotient algebra
Ž .of U 
 , and so
gr U 
 L
 L  gr L
U 
   gr L
 S 
  .Ž . Ž . Ž . Ž .Ž . Ž .
Q.E.D.
3.5
Ž .Let M be a simple highest weight module for U  with highest weight
vector e. Let     resp.      be the triangular B B
 Ž  . Ž .decompositions. Then M U  e is a highest weight module for U  ,B
and using the contravariant form we conclude that M  is simple.
Ž .We denote by V M the associated variety in   of M as a
Ž . Ž  Ž .. Ž .U  -module cf. 29, 17.9 1 , and by V M the associated variety in
 Ž .   of M as a U  -module. ThenB
Ž . Ž .LEMMA. V M    V M .B
Ž . Ž Ž ..Proof. Recall that V M resp. V M is the zero variety of
Ž . Ž Ž  ..  Ž  gr Ann e S  resp. gr Ann e S  in    resp. UŽ .  UŽ . B  B B
.      . Then Lemma 3.4 applied to   , and  , the comple-B B B
ment in 
  , gives the inclusion  in the following equality
gr Ann e
 S   S  gr Ann  e
 S   . 1Ž . Ž . Ž . Ž .UŽ .  B  UŽ .  B B
The converse inclusion is easy since
gr Ann e	 S  gr Ann  e.Ž . UŽ .  UŽ . B
Since  is Killing orthogonal to   , we have the zero varietyB B
V gr Ann  e
 S    V M Ž . Ž .Ž .UŽ .  BB
Ž .and by 1 we conclude that this is equal to
V gr Ann e
 S  Ž .Ž .UŽ .  B
 V gr Ann e  V S    V M    .Ž . Ž .Ž .Ž .UŽ .  B B
This proves the lemma. Q.E.D.
3.6
 Ž .Let p be a Goldie-rank polynomial. By 38, 5.5 last line of p. 253 there
exists a simple highest weight module M such that p is given by the
‘‘characteristic polynomial’’
p p  n pÝV Ž M . i Vi
i
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Ž . Žof the characteristic cycle V M . As predicted in the first paragraph of
  38, 5.5 the proof is now made easy by Hotta’s result 25 implying the
.linear independence of characteristic polynomials of orbital varieties.
Ž .  Here V M Ý n V denotes the formal linear combination of thei i i
Ž .irreducible components V of the associated variety V M with integeri
coefficients n  0. Recall that not only the V , but even the multiplicitiesi i
n are well defined by M. Since M is simple, its associated variety isi
 equidimensional by Gabber 22 , so the V all have the same dimension.i
 Furthermore, the V are orbital varieties, say by 38, Proposition 4.7 or byi
 7, Proposition 4.2c .
By Lemma 3.2 each
V   V   i i B
is an orbital variety for  , in particular irreducible. Recall from 3.5 that
 Ž  .M U  e is a simple highest weight module for  and thatB
V M     V M    V  V  ,Ž . Ž .  B B i i
i i
which is also equidimensional by Gabber. Thus we may write
    V M  n V ,Ž . Ý i i
i
so p Ý n p  with multiplicities n  0 where n  0 unlessV Ž M . i i V i i1 Ž .dim V  dim V M .i
LEMMA. Let p be an integral Goldie-rank polynomial. Let D be a
 Ž .monomial in the  ,  BB of degree deg D codim V M 
Ž . codim V M . Then there exists  B such that B
s 
 1 Dp 0,Ž .
or else Dp is a constant.
 Ž .Proof. For each i we have dim V  dim V M and dim V i i
Ž .dim V M , so
deg D codim V M  codim V M   codim V  codim V  .Ž . Ž .    i  iB B
Ž .By Lemma 3.3 a
  Dp  BVi
SHEETS OF PRIMITIVE SPECTRA 97
Ž .and so it follows from 3.3 b that
DpDp D n p  n c p  1Ž .Ý ÝV Ž M . i V i i Vi i
i i
with scalars c . Moreover, only those p  can occur in this expression withi Vi
 Ž .nonzero coefficient, for which V has the maximal dimension dim V M ;i
that is to say n  0, because otherwise we have deg D codim V i  i
 Ž .codim V  d in Lemma 3.3, so 3.3 a implies that Dp  0. Conse- i VB i
quently c  0 implies that n  0.i i
  Ž . If p is a scalar, then the p occurring in 1 are only scalar, so DpV Ž M . Vi Ž .is a scalar. Now assume that p is not a scalar. It is proportional toV Ž M .
the Goldie-rank polynomial p corresponding to some coherent family of
 Ž .  P Ž R .primitive ideals J of U  . In the notation of 2.4 we can write J  I ,w
    Ž . 1  for some w W . Following 11, 2.14 we set  J  w R  B , which

Ž .is the so-called  invariant of the family. One has  J  if and only if
 Ž  .p is a scalar for example, as a consequence of 35, II, Theorem 5.1 . Thus
Ž . J  and we show that the conclusion of the lemma holds for any
Ž . Ž .  J . For   J one has
s 
 1 p   0 2Ž . Ž . V Ž M .
Ž .while for   J one has
s  1 p   p 
 
 p , 3Ž . Ž . V Ž M . 1 r
where p , . . . , p denote the Goldie-rank polynomials corresponding to a1 r
fixed two-sided cell of W . These p , . . . , p form a basis of the irreducible1 r
  Ž    . Ž . Ž .W -module generated by p , see 35 or 29 . Properties 2 and 3V Ž M .
are immediate well-known consequences of Vogan’s reflection functor 60,
 ŽSection 3.6 , off C which combines translation to C used in defining  
.and translation back agaln , the corresponding behaviour of the Vogan
Žpolynomials and Theorem 2.4 or directly using the Goldie-rank additivity
. Ž . Ž .principle . Case 2 is called -singular, while case 3 is called -nonsingu-
lar.
For the characteristic polynomials of orbital varieties one has alternative
Ž . Ž . Ž . Ž . Žproperties 2 and 3 below similar to 2 and 3 above 24, Section 2,
  . Theorem 2; 25, Section 1, Theorem 1 or also 8, 4.14 . Let n  0. Leti
q , . . . , q denote the characteristic polynomials of orbital varieties span-1 s
ning the irreducible W -module generated by p  . Then for each  BVi
we have either
s 
 1 p  0 2Ž . Ž . Vi
or else
s  1 p q 
 
q . 3Ž . Ž . V 1 si
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Ž .  Ž .Let  V denote the subset of those  B for which 2 holds. Iti
Ž . Ž . Žsuffices to show that  V 	  J if c  0. This inclusion can be stricti i
  . Ž .41, 8.7 . Take   J , then
0 s 
 1 p   n s 
 1 p  ,Ž . Ž .Ý V Ž M . j  Vj
j
Ž . Ž . Ž .  which by 2 and 3 forces s 
 1 p  0 whenever n  0 and conse- V jj
quently whenever c  0. Q.E.D.j
Ž .  4Remark. For any orbital variety V one has  V   B  V .
This leads to a more geometric proof of the last step.
3.7
Here we observe that the Goldie-rank polynomials p p and theV Ž M .
characteristic polynomials p have the following remarkable property.V Žw .
Let  , . . . ,  be the roots in BB and define recursively p  p;1 s 0
n jp   p with n maximal such that p  0. 1Ž .Ž .j j j1 j j
Ž .n j Put D   and D D D . . . D . Let D be a monomial in thej j 1 2 s
 such thati
deg D is maximal with Dp 0. 2Ž .
Then we have the
LEMMA. deg D deg D.
Ž .Proof. We proceed by induction with respect to s BB . For
 4s 1 the lemma is clear. Let B  B and B  B   . Let M M,0 j j1 j 0
Ž  . Žand let M U  e, a simple highest weight module. Let V ij B ij
. Ž . Ž j.1, . . . , n be the irreducible components of V M , and V  V   . Wei i Bj
denote by p Ž j. the characteristic polynomial of V Ž j. in  , omitting theV i Bi j
prime for short. Then we claim that
p D  D D p nŽ j.p Ž j. 3Ž .Ýj j 2 1 i Vi
i
with nonnegative coefficients nŽ j. which are nonzero exactly for those ii
Ž j. Ž . Ž . Ž .with V an irreducible component of V M  V M   Lemma 3.5 .i j Bj
In fact, we assume that this is true for j 1 instead of j and prove it by
Ž .induction on j. We apply Lemma 3.3 in the case s 1. By Lemma 3.3 c
the degree of p Ž j1. in  alone is codim V Ž j1. codim  V Ž j.,V j  i B ii B jj1
which assumes its maximum  d if dim V Ž j. is maximal, so if V Ž j. is aj i i
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Ž . Ž j1. Ž j1.component of V M . The degree in  of p Ýn p is  d ,j j j1 i V ji
Ž .and so it follows that the degree n of D defined in 1 is n  d . Now wej j j j
Ž . Ž .get by Lemma 3.3 a and b
d dj j Ž j1. Ž j1. Ž j.
Ž j1. Ž j. p   n p  n c p 4Ž .Ž . Ž .Ý Ýj j1 j i V i i Vi i
i i
with nonnegative rational scalars cŽ j. which are nonzero if V Ž j. is ai i
Ž .component of V M and zero otherwise. It follows in particular thatj
d j p  0Ž .j j1
Ž . Ž .and hence n  d ; so n  d . Thus 4 proves 3 by induction. Now wej j j j
obtain for V Ž j. of maximal dimensioni
deg Dn 
 
n  d 
 
d1 s 1 s
 codim V Ž j1. codim V Ž j.Ý  i  iB Bj1 j
j
 codim V  codim V  d deg D , i  iB
using 3.3 for the last inequality. Hence equality must hold. Q.E.D.
Ž .Remark. It follows that in Lemma 3.3 a we have Dp  0.V Žw .
3.8
Proof of Proposition 3.1. The Goldie-rank polynomial p has the form
p p with M a simple highest weight module, as in 3.6. WithV Ž M .
notations as in 3.6 let
d codim V M  codim V M  .Ž . Ž .  B
We claim that p is of degree d in the indeterminates  ,  BB alone.
Write deg p for this degree. We have pÝ n p as in 3.6 with V i i V ii
Ž . Ž .V w an orbital variety; so by Lemma 3.3 c , defining w as there,i i
deg p  codim V w  codim V  w  dŽ . Ž .V i  i  iB
Žwith equality for some i. By the positivity property of nonzero coefficients
. Ž    .of characteristic polynomials see 42 or 8, 3.11 and 4.8 the coefficients
cannot cancel in forming the linear combination Ý n p  p. So thei i Vi
degree deg p is in fact  d.
  4Now let BB   , . . . ,  , and let1 s
q m1 m2 . . .  m s1 2 s
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be a monomial of the highest degree m 
m 
 
m  d occurring in1 2 s
  p, with nonzero coefficient q B . Then consider the monomial
m m m1 2 sD   . . .  .Ž . Ž . Ž .1 2 s
It satisfies
m1 m2 m s   0Dq  . . .  m !m ! . . . m !q B ,1 2 s 1 2 2
and it annihilates all the other such monomials of the same or smaller
degree in  , . . . ,  . We conclude that1 s
  0Dp B .
In other words, we see that the monomial D of degree d in Lemma 3.6
can be chosen such that Dp 0.
Let Q denote the set of linear combinations with nonnegative rational
 coefficients of products of distinct positive roots in R . Recall from 42

that p Q and hence Dp Q. Take  B. By assumption of our
proposition, the restriction of p to an -wall with  B is nonzero. By
the last remark in 2.4 and the definition of the -invariant this means that
Ž . Ž Ž ..  Ann M and so 3.6 3 is
s  1 p p 
 
 p  Q ,Ž . 1 r
where p , . . . , p are the Goldie-rank polynomials spanning the irreducible1 r
W-module generated by p. Since s for  B commutes with  for
 BB, we get
s  1 DpD s  1 pD Q Q . 1Ž . Ž . Ž . 
On the other hand by Lemma 3.6 either Dp is a scalar or else
s 
 1 Dp 0Ž .
 Ž .for at least one  B . So s  1 Dp2 DpQ, and since Dp 0,
Ž .this is a contradiction to 1 . This proves that Dp is a scalar.
Now fix a root   BB, and number the roots in BB as  ,  ,1 1 2
. . . ,  . Define p  p, p , . . . , p and D as in 3.7. We proved in 3.7s 0 1 s
above that deg D deg D d, so the discussion at the beginning applies
to D and gives Dp is a constant.
Ž .Since p Q see above , we can write
p p q 
 qÝ S S

SR
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where R  R R , p Ł  , and q , q Q  with Q  denoting
 
 S  S S B B
the set of nonnegative rational linear combinations of products of positive

  Ž . roots in R R . Now we take a root   Supp p B which is not in
 1
	 the support of the restriction p of p to the intersection of walls givenC B
by B. Since
	  	 p  q  qC B C B
we obtain
 
q 0 whilst p 0.
 1 1
 Ž . Ž .In the definition of D in 2 and 3 above we have then m  0 and so1
Dq 0 whilst Dp 0 is a scalar. Now
Dp p Dq ,Ý S S

SR

	  	and so deg D p is at least the minimum of degrees of the p , which isS
 1. noting that by positivity there can be no cancellations. This contra-
dicts our conclusion that Dp must be a scalar. So such a root  does not1
Ž .  	 exist, and we must have Supp p B  Supp p . Q.E.D.C B
3.9
ŽOur next goal is to extend Proposition 3.1 to non-integral weights in
.3.11 . In this section we dispense with the -shift in the definition of walls
to simplify notation.
Ž .   Ž . 4LEMMA. Let 	 
 P R and let B   B   , 	  0 . Then
there exists wD such that wB B.
Proof. We may choose 	 dominant with respect to R  R . By a
 
Ž .standard trick projection onto  we can reduce to the case where the
base field is . Then we can find wD which makes w	 dominant in the
sense that
 , w	  0 for all  B.Ž .
By definition of B we have
w , w	   , 	  0 for all  B 1Ž . Ž . Ž .
Ž .and w w R  R  R . So we must have 
 

 , w	  0 for all  Supp w B , 2Ž . Ž .

B
BORHO AND JOSEPH102
 Ž .where B is a subset of B by definition of support. In fact, if  , w	  00
for some such  , then0
w , w	  w , w	  w , w	  0Ž . Ž . Ž .Ý 0

 Ž . Ž .for some  B , in contradiction to 1 . Complementary to 1 we have
also
w , w	  0 for all  B BŽ . 
or
 , w	  0 for all  w B B . 3Ž . Ž . Ž .
Ž .By 2 we have
B R  wR  wR ,w	 	 
so
B B wR  B  wB . w 
  Ž . Ž .Now B and wB wB are disjoint subsets of wB by 2 and 3 , so 
B wB. On the other hand, clearly BBwB, so equality
follows: wB B B. Q.E.D.
3.10
Let D W denote the set of minimal right coset representatives of W 
defined as usual by
D  wW  w R  R  R . 4Ž . 
  

Given xD take a reduced decomposition x s s  s with s  s : 1 2 n i  i
  B and set x  s  s . As is well knowni i i n
 x   , for all i . Ž . Ž .i1 i
Indeed otherwise   x1  R , whilst x  R by the decomposi-i i i1  i 
tion being reduced.
The following lemma is clear from the truth of the KazhdanLusztig
Ž . Ž .conjectures general case since the groups W , B are isomorphic asw. w.
Coxeter groups for all wD . However, there is an older and more
   elementary proof for this based on 33 and on Duflo’s proof 18 , which we
give here for the convenience of the reader.
LEMMA. Let   dominant regular; wD . Then
 M xw. : L x w.  M x . : L x .Ž . Ž . Ž . Ž .
for all x, xW .w.
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Proof. Since W  wW w1, we may replace x wyw1 and xw. 
wyw1, where y, yW , so that we have to prove that the multiplicities
 M wy. : L wy. for y , y W 1Ž . Ž . Ž .
are independent of wD . Let  denote the O-duality functor. It is exact,
involutory, contravariant, and the identity on simples. In particular for all
 Ž . Ž .	,   , L  is the unique simple submodule of M 	 and
M 	 : L   M M : L  .Ž . Ž . Ž . Ž .
By the BernsteinGelfand equivalence of categories with a category of
 HarishChandra modules as explained in 29, Chapter 6 , and noting that
Ž .the M w , wD are projective, one obtains
M wy. : L wy.Ž . Ž .
 F M w. , M wy. : F M w. , L wy.Ž . Ž . Ž . Ž .Ž . Ž .
Ž Ž . .where F denotes locally finite homomorphisms. Since F M w. ,  is an
Ž Ž . Ž  ..equivalence of categories, the F M w. , L wy. are the unique simple
Ž Ž . Ž  ..submodules of the F M w. , M wy. , and they exhaust the simple
objects in this category of HarishChandra modules.
Ž Ž . Ž ..On the other hand, the F M w. , M wy. are ‘‘principal series’’
Ž    .modules by Frobenius reciprocity see 23, 3.1 or 44, 8.3.6 and so finally
 as noted in 18, 19, Part 4 of Proposition 1 , they are isomorphic, for all
Ž .wD , via the KunzeStein intertwining operators and using  of 3.10.
Ž .So the multiplicities 1 are in fact the same for all wD . Q.E.D.
3.11
Now we can extend proposition 3.1 to the non-integral case:
PROPOSITION. Let   be regular. Let p be the Goldie-rank polyno-
Ž . mial of the primitie ideal I  . Assume that our set B is a subset gien by
 ² :B   B  	
  ,   0 4
Ž . for some weight 	 
 P R . Let CB denote the intersection of the walls
gien by the  ,  B. Assume that p has nonzero restriction to each of these
walls. Then we hae the same support property as in 3.1:
	  Supp p  Supp p B .Ž .C B
Proof. By Lemma 3.9 there exists wD such that wB B. Also
wB wB  B . We may pass from  to w. without changing the w.
Goldie-rank polynomial. Indeed p  p since the Verma-modulesIŽ. IŽw..
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Ž . Ž .M  resp. M w. have the same multiplicities by Lemma 3.10, and since
the Goldie-rank polynomials are given by these multiplicities by the
formulae in 2.3 and 2.4.
By these remarks we see that we may assume without loss of generality
that B B. Now observe that in the proof for the integral case in 3.23.8
we considered -walls and reflections s only for  B B. So the same
proof is valid in the more general, not necessarily integral, case with
B B here. Q.E.D.
3.12
The following is known to be a consequence of work of Duflo.
 Ž .LEMMA. Take   . Then for all xD , yW one has I xy.  
Ž .I y. .
Ž . Proof. Combine  of 3.10 with 19, Proposition 10 and Parts 2 and
 4 of Proposition 1 . An easier proof results from 31, lemma of Sec-
tion 2 . Q.E.D.
4. FINITENESS RESULTS
4.1
In order to prove the finiteness theorem announced in 1.4, we decom-
 Ž .pose  into lattices  
 P R . We show that for each wW, the
Goldie-rank polynomial p corresponding to a rigid family can only take aw
given fixed value at finitely many points of 
. The proof is then
Ž .completed by the following well-known finiteness result.
Ž .LEMMA. There are only finitely many lattices  
 P R with rank R
 rank R.
Ž . Ž .Proof. This follows from the finiteness of the factor group P R P R
whose order determines this number. Q.E.D.
4.2
Ž . Ž .DEFINITION. An ideal I of U  is called properly induced, if there
exists a proper Levi subalgebra  of  such that
I I J , Ž .
Ž .for some ideal J in U  and   , where  is a parabolic subalgebra
Ž .with Levi factor . An ideal I of U  is called rigid if it is not induced.
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THEOREM. Let N. There are only finitely many rigid primitie ideals
Ž .in U  with bounded Goldie-rank N.
Proof. Fix  as in 4.1 and consider the Goldie-rank polynomial p. Ifw
Ž . 

rank R  rank R, then any ideal I w.	 : 	 would be properly
 induced 43, Theorem 4.4 and remarks, p. 95 . By, say, the remarks in 2.9
this further holds on translation to 
. Thus we may assume that rank R
 rank R. Then by Lemma 4.1 and the finiteness of W there is no loss of
generality in keeping  and w fixed. We set p p. It remains to showw
 
 Ž . 4that the set 	  p 	
  N is finite.
 If Supp p B , then again by 43, Theorem 4.4 , the corresponding
 ideals are induced. Thus we can assume that Supp p B . By 42, 8.6 , p is
a polynomial in the roots  B with nonnegative rational coefficients.
The required assertion is then immediate from the support property above
combined with Proposition 3.11. Q.E.D.
Remark. Note that the first part of the proof of the theorem shows that
Ž . Ž .there are only finitely many rigid families in Prim U  for  semisimple .
4.3
Ž .The rigid primitive ideals in U  occur in families J ,  . In fact, let
   Ž . Ž . Ž .   ,  be the semisimple part of . Then U  U  U  , and so
Ž .each rigid primitive ideal J in U  determines a rigid primitive ideal
 Ž . Ž .  Ž .J  JU  in U  . Conversely, each rigid primitive ideal J in U 
 Ž .and each   corresponding to a maximal ideal  of U  de-
 Ž . Ž .termine a rigid primitive ideal J  J U  
U   . So the rigid 
Ž . Ž .primitive ideals in U  occur in continuous families J   , and each
Ž .family contains exactly one ‘‘distinguished’’ member J  0 . Here we0
Ž . Ž .call J distinguished if JU    U  . We shall restrict attention0
to these distinguished rigid ideals. By the remark in Theorem 4.2, there are
Ž . Žonly finitely many distinguished rigid families in Prim U  for  reduc-
.tive .
COROLLARY. Gien N, there exist only finitely many distinguished
Ž .rigid primitie ideals in U  which induce a primitie ideal of Goldie-rank
Ž .N in U  .

 Ž .Proof. Fix a distinguished rigid coherent family J of Prim U  . Lety
Ž . Ž .J I  be a member, and let I I J,  be an ideal induced from this
member, say primitive. The Goldie-rank polynomials p resp. p corre-J I
sponding to the coherent families of J resp. I are related by
y1 p  cw1 pJ I
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Ž .by Theorem 2.7 with a fixed rational c 0 actually c is an integer . Here
yW  resp. wW are chosen such that y. is R-dominant and w. is
R-dominant. Now
rk U  J p y.
   cp w.
   c rk U  I.Ž . Ž . Ž . Ž .J I
Ž .Thus the bound of the hypothesis gives rk U  J cN. There are only
finitely many values for c, since there are only finitely many distinguished
rigid families. So the assertion follows from Theorem 4.2, applied to
Ž .U  . Q.E.D.
4.4
To clarify matters we give an alternative approach to 2.7 whose notation
 Ž . Ž .we retain. Fix   . For any U  module, let F M denote the set of
Ž .locally finite vectors of End M for the diagonal action of U  . The
 following result is essentially contained in 41, Section 7 .
PROPOSITION. For all   one has
Ž . Ž Ž ..i F M  is a primitie noetherian ring.
Ž . Ž Ž .. Ž Ž ..ii rk F M   rk F L  .
Ž .  Ž . Ž .  Ž .Proof. i is just 41, 7.8 iii . Consider ii . Combining 41, 7.8 ii and
 Ž . Ž Ž ..29, 12.3 a we conclude that the ring of fractions Fract F M 	 is
Ž . Ž Ž ..independent of 	 
 P R   , whereas this holds for Fract F L 	
 trivially. After Jantzen 28, 1.17 we can choose 	 in the above set such
Ž . Ž .  that M 	 is a simple module, that is, L 	 . By 41, 7.11 there is a
Ž Ž .. Ž Ž .. Ž Ž ..prime, Goldie subring A L 	 of Fract F L 	 containing F L 	 as
Ž   Ž . Ž Ž ..a subring notation 41, 3.1 where we also used A 	 resp. F 	 to
. Ž Ž .. Ž Ž ..denote these rings . A similar subring A L 	 occurs in Fract F L 	
    Ž Ž ..and by 41, 3.5 we obtain an algebra isomorphism  q, p  A L 	
Ž Ž ..   A L 	 , where  q, p is a Weyl algebra. By Goldie’s theorem˜
Ž Ž .. Ž Ž ..Fract F L 	 is a matrix ring of rank n rk F L 	 over a skew field
Ž Ž ..K. We conclude that Frct F L 	 is a matrix ring of rank n over D
  Ž q, p  K. It remains to show that D is a domain admitting a ring of
.  fractions . Now the canonical filtration F on  q, p has an associated
Ž 	  	 .graded ring which is a polynomial ring P on RR variables . Extending
trivially this filtration to D we have gr D P K. This is a domain by aF
standard argument involving evaluations at maximal ideals of P. Hence D
is a domain, as required. Q.E.D.
4.5
  Ž .Recall 39 that for any I Prim U  the associated variety of I is the
closure of a nilpotent orbit O. Let n denote the order of the componentI
group of O.
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 Ž . 
COROLLARY. Take   ,  
 P R , say  x , for some x
Ž .  Ž . Ž .  4W. Let JAnn L  and I  I J, 0  Ann M  , and let I be the  i
minimal primes oer I . Then
Ž . i The I hae all the same GK-dimension, namely that of I .i
Ž .ii There exist strictly positie integers z independent of  , such thati
z rk U  I  rk F M  for all  x
.Ž . Ž .Ž .Ý i i 
i
Ž . Ž . Ž . Ž .iii If M  is simple, then M   L  . In general set I 
Ž . Ž Ž .. Ž .Ann L  and z rk F L  rk U  I. Then z is a psotie integer,
indepdent of  x
, which diides n .I
Ž . Ž . Ž .Proof. i and ii follow from 4.4 i through the Goldie-rank additivity
   Ž . Ž .principle; see 35, I, Section 5 or 29, 12.3 b and c for example. Here
 Ž .for the independence of the z ’s on  one first concludes from 29, 12.3 ci
Ž Ž .. Ž .that rk F M  is the sum of the rk F L over all composition factors
Ž .  Ž . L of M  taken with their multiplicities M  : L which are constant 
in a given facette. Second, one observes that Goldie-rank ratios z L
Ž . Ž Ž . .   Žrk F L rk U  Ann L are constant in a facette by 35, I, 5.12 which
Ž ..also gives the independence in iii . Third, on the boundary of the closure
of a facette, certain simples L may disappear, and this exactly corresponds
Ž .to the Goldie-rank polynomials having a zero as discussed in 2.4 . We
 Ž . note that z Ý z M  : L , where the sum is over all the abovei L 
composition factors L with annihilator I .i
Ž .  Ž .Finally the first part of iii is 35, I, 5.12 iii . The second part follows
 from 40 . Q.E.D.
Remark. This corollary in particular provides a second proof of Theo-
rem 2.7 on the Goldie-rank polynomial of an induced ideal.
In fact, let us prove it in the generalized form of the remark in 2.7. Let
Ž .I  I  with   x .W. , and let w W make w . dominant.i i i i i i i
Then w .  w. for some wW independent of i. Then for all  x
i i
z rk U  I  z p w . 
   z p w.
  .Ž . Ž . Ž .Ý Ý Ýi i i I i i i Ii i
i i i
Ž .This is by ii equal to
rk F M   rk F L  using 4.4 ii ,Ž . Ž . Ž .Ž . Ž .Ž .
Ž .and this again is by iii equal to
z rk U  J zp y.
 Ž . Ž .J
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with some positive integer z independent of  , where yW  makes y.
B-dominant. Putting all these equations together, we obtain for the
Goldie-rank polynomials
z w1 p  z y1 p ,Ý i I Ji
i
as claimed in 2.7, remark. Note that we can achieve z 1 by appropriate
Ž .choice of  as in 4.8 .
4.6
We now give a partial converse to Theorem 2.7. Recall the notation
of 2.7.
Ž .PROPOSITION. Let p be a Goldie-rank polynomial for U  relatie to the
 Ž .  lattice  
 P R ,   . Suppose that there exists xD such that xp
Ž .is proportional to a Goldie-rank polynomial for U  . Then any I of the
Ž .corresponding family of primitie ideals of U  is the radical of an ideal
Ž .induced from U  .
Proof. Since xD , there exists  regular and dominant with
respect to B such that x. is dominant with respect to B . Choose 
 Ž 1 . 1yW such that I y . has Goldie-rank polynomial p; that is, p p . y
Ž . Ž Ž 1 ..Set w xy. By 4.4 ii the Goldie-rank polynomial of F M y . is
1 Ž .equal to wy p xp. Then by 4.5 ii it follows that xp is a sum with
rational coefficients  0 of the Goldie-rank polynomials of the minimal
Ž 1 . Ž Ž 1 . .  primes over Ann M y .  I I y . , 0 . Yet by 35, Theorem 5.5 , 
Žthe Goldie-rank polynomials with respect to a fixed lattice, say  

Ž ..P R , are linearly independent. Hence the hypothesis implies that there
can only be one term in the above sum, as required. Q.E.D.
Remarks. This result also follows from 2.6 and the calculation in 2.7.
Unfortunately the proof does not extend to the non-regular case since the
corresponding nonzero restrictions of the Goldie-rank polynomials need
not be linearly independent and can even become proportional. Thus
1  Ž . ŽMelnikov 53, Chap. 4 , noted that    
 2 
  ,    
2 4 2 3 4 2 4 12
. Ž . 
  
  
  are Goldie-rank polynomials in type A for  P R2 3 4 5 5
and become proportional at       0. One can ask if it is1 3 5
 possible to extend the reasoning of 43, Theorem 4.4 to show that the
conclusion holds if we only assume that p is a Goldie-rank polynomial for
Ž . 1  some I Prim U  satisfying Supp x p  B , for some xW. The
1  Ž .trouble is that p x p is not a priori a Goldie-rank polynomial for U 
Ž .or even a character polynomial of a real module in the corresponding O
category. In the above we have added this as a hypothesis, though it was
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 not needed in 43, Theorem 4.4 . Again in the latter we were able to avoid
the need to take radicals.
4.7
We note that 2.7 or 4.5 also has the following
COROLLARY. There are only finitely many Goldie-rank polynomials for a
gien semisimple Lie algebra .
Proof. We already noted that there are only finitely many rigid fami-
lies. Hence the assertion follows from 2.7 if we can show that there are
only finitely many choices of the scalars c. This follows from the remarks
Ž .in 2.7 or by 4.5 iii . Q.E.D.
4.8
We define    to be the complement in  of the countably many0
 Ž . 4 hyperplanes       n for  RR , n .
Ž .PROPOSITION. Take J Prim U  distinguished and  . Then
Ž . Ž . Ž .a rk U  I rk U  J for each primitie ideal I minimal oer
Ž .I J,  .
Ž . Ž .b The induced ideal I J,  is primitie for   . 0
Ž . Ž . Ž . Ž .c rk U  I J,   rk U  J for   . 0
Ž  . ŽProof. We may write JAnn L w. for some  dominant with
Ž ..    respect to 
 P R and w W . Moreover by 19, Proposition 9 , we
can assume that w belongs to the set of so-called Duflo involutions. This
0    Ž .set is noted by Ý in 37, I, 3.3 . By 37, I, 3.4 ii the right-hand side of
Ž . Ž Ž  .. Ž . Ž .inequality a equals rk F L w. . Now by 4.5 ii and 4.4 ii we obtain
Ž .the inequality a
rk U  I rk F M w.  rk F L w.  rk U  J .Ž . Ž . Ž . Ž .Ž .Ž .
Now we suppose that   . This implies that the induced module0
Ž  .   Ž Ž ..M w.
  is simple 28, 1.17 ; so it is isomorphic to L w. 
  . In
Ž .particular b holds.
Moreover W W  W  and 
  is dominant with respect to
 
 
Ž .
 
 P R . Thus the same KazhdanLusztig polynomials must be used
Ž . Ž .for these parts of Prim U  and Prim U  . They determine the set of
Ž  Duflo involutions. Combine 35, III, 4.10 with the truth of the Kazhdan
 Lusztig conjectures and a result of Irving 27, Corollary 5 . See in particu-
   lar the discussion following 27, Corollary 8 . Irving 27, 1.1 also discusses
. some alternatives to the use of his result. Thus w remains a Duflo
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 Ž .involution relative to W . Hence again by 35, I, 3.4 ii the left-hand

Ž .side of equation c equals
rk U  I J ,   rk U  I w. 
   rk F L w. 
  .Ž . Ž . Ž . Ž . Ž .Ž . Ž .Ž .
Ž Ž .. Ž Ž ..Since L w. 
  M w. 
  , this is equal to
rk F M w. 
   rk F L w. 
   rk F L w.Ž . Ž . Ž .Ž . Ž . Ž .Ž .Ž .
Ž . Ž .by 4.4 ii , and the latter we recognized above as being  rk U  J. This
Ž .proves c . Q.E.D.
Ž .Remarks. The equality c for Goldie-ranks is due to Conze-Berline
 and Duflo 16, 8.6 and 2.12 , in the special case when J is of finite
codimension. Certainly the equality holds also for some values outside  ,0
even on a dense open set of ; see 8.3. For example, it holds if the
coefficients of  in the fundamental weights corresponding to BB are
Ž . sufficiently negative. If   and I J,   I is prime, then by 37, I, 5.12
Ž . Ž .iii the right-hand side of c is an integer multiple of the left-hand side
Ž .  and if the induced module is simple, then by 4.5 ii and by 40 this integer
divides n which, for example, equals 1 in type A.I
4.9
Ž .Several subsequent results on the topology of sheets Section 8 depend
Ž .on 4.8 c . It is therefore useful to give an alternative and elementary proof
Ž .not needing non-integral KL theory. This we do in 4.9 and 4.10.
Ž .For any  bimodule V let F V denote the locally finite part of V with
respect to diagonal  action. It is a bisubmodule. Similarly F denotes
taking the corresponding submodule with respect to . If MOb O we
Ž . Ž . Ž .may abbreviate further as in 3.10 and 4.4 , writing F M for F End M .
It belongs to the category H of HarishChandra modules. Similarly,
Ž . Ž .for any finitely generated U  -modules M, N we write F M, N for
Ž Ž ..F Hom M, N .
 Ž . ŽGiven   ,   , let M 
  be the induced module nota-
.tion 2.7 .
 Ž .Take 	  dominant. Let O resp. H denote the subcategory of O	 	
Ž . Ž . Žresp. H of modules with weights in 	
 P R resp. having right central
.character defined by 	 . The BernsteinGelfand equivalence of categories
Ž Ž . .theorem asserts in particular that M F M 	 , M is an exact functor
Žfrom O onto H taking simples to simples. It is an equivalence if 	 is	 	
    .regular. For further details one may consult 23, 1.1.6 or 44, 8.4.6 . A
similar functor may be defined on the BGG category O  defined with
respect to .
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LEMMA. Fix   ,   and take 	W . to be B dominant. An
Ž Ž .. Ž Ž . Ž .. bimodule filtration of F L  with simple quotients F M 	 , L 
Ž Ž . Ž ..induces a  bimodule filtration of F M 
  , M 
  with quotients 
Ž Ž . Ž  ..being submodules of F M 
  , M  
  .
  Ž . Ž . Proof. Let M , L be U  modules and set MU   M , LUŽ .
Ž .  Ž .U   L . Frobenius reciprocity relating induction to coinductionUŽ .
gives the isomorphism
  Hom U  U  , M  L  M L .Ž . Ž . Ž . Ž .Ž .UŽ .UŽ .
Ž .Let k denote the diagonal copy of  in   and set  k   .
Given  in the left-hand side above one checks that
U   b   ad U  b 
 U   b ,Ž . Ž . Ž . Ž . Ž .Ž . Ž .Ž .
Ž . Ž . Ž . ŽŽ for all bU  U  . Thus if  is  locally finite, then  b  F M
 . . L .
 Ž . Ž .Again M L Hom M, L , by Frobenius reciprocity. Assume M,
LOb O. A similar argument to the above shows that this restricts to an
ŽŽ . . Ž .isomorphism of F M L onto F M, L , as is well known. Combin-
ing these two observations we obtain an isomorphism
  F Hom U  U  , F M , L  F M , LŽ . Ž . Ž . Ž .Ž .Ž .UŽ .UŽ .
for all M , LOb O .
Now recall that L L if L is simple and that the coinduction
functor, defined by the left-hand side above, is left exact. Then the
 Ž .  Ž .assertion of the lemma obtains by first taking M M 	 , L  L  and
 Ž .resubstituting with L  L  . Q.E.D.
4.10
Define  as in 4.8. Let 	,  be as in Lemma 4.9. After Jantzen 28,0
 Ž . Ž1.17 , M 
  :   is simple, whilst 	
 :   is B dominant if 0 0
  . Ž Ž	  is B dominant . Thus the lemma gives a filtration of F M 

.. :   , whose successive quotients are either the simple modules0
Ž Ž . Ž  ..F M 	
  , L  
  or zero.
For a fixed   in the above, set
V F M 	
  , L  
  , V  F M  	
  , L  
  .Ž . Ž . Ž . Ž .Ž . Ž .
    Suppose that V, V  0. Combining 47, 2.8 and 31, 2.7 with the
behaviour of GK-dimension under induction gives
d V  2 d L  
   2 d L  
  
 RRŽ . Ž . Ž . Ž .Ž . Ž .
 d V  
 RR .Ž . Ž .
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This leads to the following result:
LEMMA. Take   ,   . If the natural embedding0
U  Ann L   F L Ž . Ž . Ž .Ž .
extends to an isomorphism of rings of fractions, then so does the embedding
Ž . Ž . Ž Ž ..U  Ann M 
   F M 
  . 
Ž .Proof. It is easy to check and well known that, say, the first condition
Ž Ž . Ž ..is equivalent to Soc U  Ann L  , being the unique simple subquotient
Ž Ž .. Ž Ž ..of F L  of the maximal GK-dimension, namely 2 d L  . Hence the
assertion follows from our previous observations. We remark that given
Ž . Ž .J Prim U  ,  we can choose  such that JAnn L  and that the
Ž Ž ..hypothesis of the lemma is satisfied see 4.8 a . Q.E.D.
Ž . Ž .Combined with 4.4 ii this lemma gives a second proof of 4.8 c .
5. THE NOTION OF SHEETS
5.1
ŽFor a good definition of sheets by several equivalent conditions in 5.5
.and 5.9 we need the following theorem as a further ingredient. For  
we define
I J ,   I J ,  ,Ž . Ž . 

Ž . Ž .where JAnn L  is as usual a primitive ideal in U  . This is an
Ž .induced ideal in the following sense: Consider the ring R  of regular
 functions on  as a -module by identifying  with   ,  ; then
I J ,   I J ,  Ann U   L   R  .Ž . Ž . Ž . Ž . Ž .Ž .  UŽ .
Ž . Ž Ž ..If  is irreducible, then I J,  is a prime ideal see 5.2; cf. also 5.4 a .
Ž .THEOREM. Let  . Eery primitie ideal I containing I J,  con-
Ž .tains some I J,  , .
 For J of finite codimension, this result is due to Soergel 57, Theorem 4 .
Ž   .For further explanations and an application see 5, 2.3 . His method is
Ž .more technical and needs L  to be finite dimensional so that it can be
made into an algebraic representation of the parabolic subgroup corre-
sponding to .
We shall prove the theorem in 5.3, after some preparations in 5.2.
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5.2
Ž . We may assume JAnn L  distinguished, that is,   vanishes
 Ž . Ž .on BB . For   , consider L 
  as a U  -module by letting 
Ž . Ž .act by zero. Let M 
  denote the induced module 2.7 . Its annihila-
Ž .tor depends only on J and . Indeed it identifies with I J,  as defined
in 2.7.
 Now in the spirit of Jantzen 28, Section 5 , we consider the ‘‘generic’’
Ž . induced module in which the components z    :   BB arei i i
ˆviewed as independent variables. Let Z denote the polynomial algebra
they generate. With respect to the corresponding fundamental weights  ,i
ˆ ˆŽ .set zÝ z  and let Z denote the U  -module which is Z as a vectori i z
 space and has weight z, while  ,  acts trivially. Define the induced
module
 ˆM 
 z U   L   Z .Ž . Ž . Ž . UŽ . z
ˆŽ . Ž .It is clear that we have an isomorphism M 
 z M   Z of 
 ˆŽ . Ž .U  , Z-bimodules. Let P denote the annihilator of M 
 z . It is just
Ž .the common annihilator of the M 
  :  . So
P I  , Ž .
Ž .in the notation of 5.1. It is a prime ideal because M 
 z is simple over
ˆŽ . Ž .U   Fract Z. The same argument shows that I J,  is prime if  is 
irreducible.
Ž . Ž .The action of U  on M 
 z is rather complicated. However in the
Ž .  spirit of Conze -Berline 15 we can consider the embedding of U
Ž . Ž op.U  P in the algebra of differential operators on   with
Ž .  coefficients in U  J. As in 41, 3.1 , it is better to recognize this as the
Ž Ž .. Ž . Ž .algebra A M 
 z , or simply A  , z , of U  locally finite elements
Ž Ž .. of End M 
 z under the diagonal action of  . Through the aboveZˆ 
Ž Ž ..isomorphism it is immediate that the latter is just the algebra A M  ,
Ž . Ž . Ž Ž ..or simply A  , of U  locally finite elements of End M  tensored 
ˆover Z. Specifically the multiplication map a z az gives an isomor-
ˆŽ . Ž . Ž .phism of A   Z onto A  , z , which moreover is clearly a U  -mod-
ule map under diagonal action. Then we can immediately cut down to the
Ž . Ž Ž .. Ž Ž Ž ...U  locally finite elements of End M 
 z resp. End M Zˆ   
replacing the A prefix by F. This gives an isomorphism
 ˆF  , z  F   Z Ž . Ž . Ž .
ˆŽ . Ž Ž . .of U  , Z-bimodules but not of U  -bimodules nor of algebras . Notice
Ž . Ž .that this implies that the F 
  :   are isomorphic as U  -modules
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under diagonal action. This was known in special cases before, but only by
Žmore complicated means. One may remark that under diagonal action of
. Ž . the dependance of  disappears in End M 
  .
Ž . Ž .Let  be as in 4.8. After Jantzen see 4.10 , M 
  :   is0  0
Ž .simple. Consequently F 
  :   reduces to scalars by Quillen’s0
 ˆŽ .lemma. From the above we conclude that F  , z  Z.
Ž .Let Z denote the center of UU  P. The natural embedding of
ˆŽ . Ž .U  P into F  , z sends Z into Z. Since  is reductive, Z is an image
Ž .of Z  and hence noetherian. Moreover under the HarishChandra
Ž .  Ž .isomorphism Max Z  maps to  W. , and so Z  separates the
W.-orbits in . Consequently Z separates the   for which the 
 
ˆlie in different W.-orbits. Since by definition Z exactly separates the
ˆ  , we conclude that Z is finite over Z. More precisely, given a
ˆmaximal ideal 
 of Z, the maximal ideals 
 over 
 Z
 are given byˆ
the finite set  of those   for which 
  lies in the W.-orbit

ˆ Ž .specifying 
. In other words Z identifies with the ring R 
  of regular
Ž Ž ..W .functions on 
  , and Z identifies with the subring R W. 
 
restricted to 
 .
Ž . Ž .Finally since  is reductive, F  is an infinite direct sum of its
Ž .ad -isotypical components F  . Each  is a class of a finite-dimen-
sional simple -module, and multiplicities are finite. Indeed it is well
Ž .known that F  belongs to the HarishChandra category H of admissible
Ž . Ž .modules for the pair   ,  with a left and right locally finite Z  -ac-
Ž . Ž .tion. Such modules have finite length. Again U  Ann M 
  be-
 longs to H, hence has finite length 29, Section 6 , and so is ‘‘artinian for
two-sided ideals’’; that is to say, each decreasing sequence of two-sided
Ž . Ž .ideals becomes stationary an old observation of Dixmier . For UU  P
and 
 a maximal ideal of its center Z, the quotient algebra UU
 is also a
HarishChandra module ad hence ‘‘artinian’’ for similar reasons.
5.3
Proof of Theorem 5.1. We shall just take  . The proof of the
general case is exactly the same except for taking the z to have relationsi
defined by the ideal of definition of .
Ž . Ž .We use the notations of 5.2. Set P I J,  , UU  P, Z its
Ž .center, and F F  , z and take 
Max Z. Let us show that
there exists k such that U
	U F
 k . Ž .
ˆŽ .Each isotypical component F of F has the form F  F   Z. In  
particular F is finitely generated over the noetherian algebra Z. Conse-
Ž Ž .quently by the ArtinRees lemma Property 2.2 ii of Chapter 4 of 51,
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. Ž .which holds by 4.2.6 , there exists k   such that the corresponding
isotypical component U of U satisfies
U 
	 F 
 kŽ  .U .  
Since  is reductive we can take isotypical decomposition to conclude
Ž k .that the decreasing sequence U

 F
 U of two-sided ideals of U
Ž k .can only become stationary at U
. Yet their images U

 F
 U U

identify with two-sided ideals of UU
 , which is ‘‘artinian.’’ So the
sequence becomes stationary at U
 for some finite value of k. Hence the
Ž . kassertion  . We conclude that UU
 is a quotient of UU F
 which
k k Ž .in turn embeds in FF
 . The latter embeds in AA
 by 5.2  .
ˆŽ . Ž . Ž . Ž .Now MM 
 z M   Z is a faithful A A  , z  A  
ˆ  Ž .Ž . Z module, where the action is given by a z m z  am zz , for
 ˆŽ . Ž .all a A  , mM  , and z, z  Z.
It follows that MM
 k is a faithful AA
 k-module. By the previous
paragraph we conclude that Ann MM
 kU
Ann MM
. As isU U
well known for any k
 the multiplication map M 
 k1M
 k1
Ž . Ž k1 k . k1 kfactors to a surjection of MM
  
  onto M
 M
 of
left U-modules. Since dim 
 k1
 k , it follows that MM
 k is an
image of an extension of finitely many copies of MM
MM
. Theˆ
Žlatter is an image of an extension of finitely many of the MM
 M  
. k
  :   . We conclude that the radical of Ann MM
 is indepen-
 U

 Ž .dent of k and an intersection of the Ann M 
  P, as  runs
over the finite set  . Hence so is the radical of U
.

Any prime ideal of U containing U
 contains its radical and so contains
Ž . Ž .some I J,  P. Finally if I X contains P then 
 IP  Z
Ž .Max Z and IP is prime containing U
. Hence I contains some I J,  :
 . Q.E.D.
Ž . Ž .Remarks. a Unlike the action of A on M and despite 5.2  we do
   ˆŽ .Ž .not have f z m z  fm zz for all f F, mM, and z, z  Z.
Ž . Ž . Ž .The point is that as U  -modules, M  and A  do not depend on
Ž . Ž .the choice of  in 
 . On the other hand, as a U  module M 
Ž .does depend on  and this U  module structure is needed in the
definition of F. In particular an element of F viewed as an endomorphism
Ž .of M cannot be expressed as a sum of endomorphisms in F  
ˆŽ . Ž .End M  over Z. It is for this reason that 5.2  is not an algebra
Ž . Ž . Ž .morphism, only a U  -module map. Nevertheless as a U  -module, F 
is similarly independent of  . To give an example, suppose that  	 , 2
   is a Borel subalgebra, and  0. Then M p  z , admitting the
   natural action of the Weyl algebra A q, p  z , where q  p.
  2One checks that F is the subalgebra over  z generated by q, qp
 z, qp
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Ž . Ž .  2 
 2 pz. As a U  -module it is isomorphic to F 0  q, qp, qp over
  z , but not as an algebra.
Ž .b The above analysis would simplify if U had been free over Z.
ˆ However this fails even in type A ; see, for example, 46, 12.2 . But U Z2 Z
ˆmight be free over Z, as the truth of the theorem may indicate. This
question of freeness is related, for example, to whether the multiplicities in
Ž . Ž .the isotypical components of U  I J,  :   are locally constant,
that is to say, for any given component constant off a closed proper subset.
ˆ ˆWe remark that it can happen that U Z is free over Z without theZ
ˆ Ž .natural embedding U Z F  , z being an isomorphismsee, forZ
 example, 46, 12.3 . An alternative approach to the proof of the theorem is
to try to use this to show that the conclusion cannot fail on all of a dense
Ž .subset of  and then by the translation principle specifically 2.9 to show
that it holds everywhere.
Ž .c Another approach to the proof of the theorem is offered in the
Appendix at the end of this paper. This would give a finer result.
5.4
We look for subsets of the primitive spectrum X on which GK-dimen-
sion is constant. The following examples of such sets are obtained by
parabolic induction. Given a Levi subalgebra  of a parabolic  in  , a
Ž .subset  of its center  , and a primitive ideal J of U  , we consider the
subspace of X of induced primitive ideals
X J ,   I X  I I J ,  , Ž . Ž . 4
and the subspace of X of ‘‘almost induced’’ ideals
X J ,   I X  I	 I J ,  minimal,  .Ž . Ž . 4
Ž . Ž .We also use a subscript, for example, X J,   X J,  , to indicate the
Ž .parabolic subalgebra involved. We use d  to denote GK-dimension of an
Ž .algebra or module over an algebra which is usually U  .
Ž . Ž .LEMMA. a . X J,  has constant GK-dimension, d say. It is irreducible
if  is irreducible.
Proof. It is well known that GK-dimension satisfies
d d U  I J ,   2 dim 
 d U  J ,Ž . Ž . Ž .Ž .Ž .
Ž .  Ž .and this is constant on X J,  . By 11, Lemma 3.9 b induction is
Ž .continuous; hence the image X J,  of  is irreducible if  is. Q.E.D.
SHEETS OF PRIMITIVE SPECTRA 117
For Y X let Y denote the subset of ideals of GK-dimension d.d
Ž . Ž . Ž .LEMMA. b . Assume that  is irreducible and X J,   X J,  . Then
X J ,   X J ,  ,Ž . Ž .d
Ž .where d is the constant GK-dimension on X J,  .
Ž . Ž .Proof. Since  is irreducible, PX J,  is a prime ideal by a .
By definition of the Jacobson topology, the elements of the closure X J , Ž .
are precisely those primitive ideals I containing P, and these by 5.1 are
Ž . Ž .precisely those I containing I J,  for some . By 4.5 i , the subset
X J ,  with the maximal GK-dimension d consists exactly of thoseŽ .
Ž . Ž .minimal over the I J,  : , which is just X J,  . Q.E.D.
1˜ Ž . Ž Ž ..Let I J,   I J, 
 tr  denote twisted induction. It is  2
an ‘‘average’’ of left and right induction. The twist can be essentially ig-
nored in the second and third parts of the lemma below because 
1 Ž . tr  can be identified with an element of .2
Ž .LEMMA. c . Let  be a parabolic subalgebra of  with the same Lei
Ž . factor  as . Then for any ideal J of U  and   one has
˜ ˜Ž . Ž . Ž .i I J,   I J,  , 
Ž . Ž . Ž .ii X J,   X J,  , 
Ž . Ž . Ž .iii X J,   X J,  . 
Proof. The second claim follows from the first and the third from the
Ž .  second by b . The first is noted by Vogan 63, remarks following 4.18 . In
 fact, for  the opposite of  , the claim follows from Duflo 20 . This
involves comparing left and right induction and is rather non-trivial. It is
where twisted induction is essential. As both Duflo and Vogan kindly
explained to us, the general case follows from this special case by inserting
appropriate intermediate parabolics  and taking the opposite inside the
Levi factor of  and then inducing by stages. More details can be
 obtained from a similar construction given in 58, Proposition 2.3.2.1 .
Q.E.D.
Remark. Take  . Then  admits the structure of a one-dimen-
Ž . Ž .sional  module and one defines M  U    the general- UŽ . 
Žized Verma module of highest weight  . The notation is compatible with
. Ž . Ž .that of 2.7. Set I  Ann M  . Take wW such that w . Lift 
Ž . Ž .w to an element of G and to automorphisms of U  and U  . Then
w  and so  and  w have the same Levi factor. Set 
1 1 Ž . tr  , which is just the sum of the positive roots of RR . Again2 2
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 1 Ž . Ž . Ž .w  tr  . Then by Lemma c i above we obtain2
 ˜ I   w I   I w  I w
 w  I w
 wŽ . Ž . Ž . Ž . Ž .Ž .  w  
 I w 
    .Ž .Ž .
Ž . Ž .In particular Ann M  Ann M w. , 
wW, which is just the result
Ž .obtained from the fact that Ann M  is generated by its intersection with
Ž . Ž .the center Z  of U  and use of the HarishChandra isomorphism
Ž .Max Z   W. .
Ž .More generally if J is an ideal of U  , the above reasoning gives
I J ,   I w J , w 
    . Ž . Ž . Ž . Ž .Ž . 
5.5
We define a sheet in X to be a subset of the primitive spectrum X
which is maximal with respect to any of the following three equivalent
Ž . Ž .properties i to iii . An illustration of this definition is given by the
examples in 5.10.
PROPOSITION. The following assertions are equialent for a subset Y of X .
Ž .i Y has constant GK-dimension d and contains a dense irreducible
subset of constant Goldie-rank.
Ž . Ž .ii Y contains a dense irreducible subset of the form X J,  . More
precisely, there is a Lei subalgebra   , an irreducible subset  of its center
Ž . , and a rigid primitie ideal J in U  such that
X J ,   X J ,  Y X J ,  .Ž . Ž . Ž .
Ž .iii Y is an irreducible subset of X with constant GK-dimension and
bounded Goldie-ranks.
Ž . Ž .The main point of the proof is i  ii , where our finiteness Theorem
4.3 is applied.
Ž . Ž .Proof. i  ii . By definition of a rigid ideal, each I X is induced
from a rigid ideal for a suitable Levi subalgebra. Therefore we have a
covering
Y X J ,  ,Ž .
J , 
where  runs over Levi subalgebras of  ,  is its center, and J is a rigid
Ž .primitive ideal of U  . By assumption Y contains a dense irreducible
subset Y  of constant GK-dimension and Goldie-rank. Since the Goldie-
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Ž . rank is bounded even constant on Y , we obtain by Theorem 4.3 a finite
subcovering
Y   X J ,  . Ž . Ž .
J , 
Ž .The sets X J,  of this finite covering are irreducible . Their closures
X J ,  form a covering of Y by finitely many closed irreducible sets, soŽ .
 Y must be contained in one of them. Say Y  X J ,  .Ž .
Ž . Since we have a finite covering  , we can find J,  such that Y 
Ž . X J,  is dense in Y . Now let
    I J ,  Y    Ž . 4 1 n
with  the irreducible components. Theni
  X J ,   X J ,   X J ,  Y  X J ,   YŽ . Ž . Ž . Ž .i i
Ž .  Ž .and one of these finitely many X J,  must be dense in Y  X J,  ,i
since this is irreducible. Hence for some   we obtain dense inclu-i
sions
X J ,   X J ,  Y Y .Ž . Ž .
Ž .This proves the first assertion of ii . Moreover, we obtain
Y X J ,   X J , Ž . Ž .d
Ž .by 5.4, since Y has constant GK-dimension d. Hence ii is fully proved.
Ž . Ž . Ž . Ž .ii  iii We have X J,  Y X J,  . We saw already in 5.4
Ž . Ž . Ž .that X J,   X J,  is irreducible, X J,  is in its closure and so is
Ž .also irreducible, and X J,  has constant GK-dimension. We conclude
that Y is irreducible and has constant GK-dimension.
Ž . Ž .Set r rk U  J. Let I be a minimal component of I J,  . By 4.8
Ž . Ž .a , we must have rk U  I r. In conclusion, Y has bounded Goldie-
Ž .rank; hence iii holds.
Ž . Ž .iii  i If Y has bounded Goldie-rank, then it is the finite union
of subsets Y n of constant Goldie-rank n. If Y is also irreducible, then
n Ž . Ž .one of the Y must be dense in Y . So iii implies i . Q.E.D.
5.6
Ž .A sheet Y in X is a maximal subset with the equivalent properties i to
Ž . Ž . Ž .iii above. Taking property ii , we see that Y can be enlarged to X J, 
without changing this property, so by maximality of a sheet Y we have
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Ž . Ž .Y X J,  . Simnilarly, we may enlarge to X J,  . A primitive ideal is
called completely rigid if it is not almost induced from a proper Levi
subalgebra.
Ž . Ž .COROLLARY. a Each sheet in X has the form X J,  , where  is the
center of a Lei subalgebra .
Ž . Ž . Ž .b In a aboe J is a completely rigid primitie ideal of U  .
Ž . Ž .c For the constant GK-dimension d, X J,   X J ,  .Ž . d
Ž . Ž . Ž .Proof. c It is enough to show that X J,  is dense in X J,  . For
Ž .  not in a countable number of certain exceptional hyperplanes , the0
Ž . Ž .induced module with annihilator I J,  is simple by Jantzen see 4.10 . So
Ž .I J,  ,  , is primitive for a dense irreducible subset  of  , giving
Ž . Ž . Ž .X J,   X J,  . Then by 5.4 b
X J ,   X J , Ž . Ž .d
Ž . Ž .as desired. Furthermore X J,  is irreducible, so a follows by maximal-
ity.
Ž . Ž .b We have to prove that the primitive ideal J in a is completely
 Ž . rigid. If not, J is almost induced from some J  Prim U  with  a
  Ž . Ž .proper Levi subalgebra of  , with center  . Then X J,   X J ,  and
this inclusion is strict since there is a strict inequality dim  dim  for
Ž .their dimensions. This contradicts the assumption that X J,  is a sheet.
Hence J must be completely rigid. Q.E.D.
5.7
Ž .As another application, we obtain that any prime ideal in U  is
Ž .induced in the following sense. Let J be a primitive ideal of U  . By
  Ž .Duflo’s theorem 19, Theorem 1 , we may write JAnn L  . Identify 
 with   ,  as a -module. Given   , recall the definition of the
Ž .induced ideal I J,  from 5.1.
Ž .COROLLARY. Let P be a prime ideal in U  . Then there is a parabolic
Ž .subalgebra  with Lei subalgebra  and a rigid primitie ideal J of U  such
that
P I J , Ž .
for some irreducible subset  of the center  of .
Proof. Let Y be the set of primitive ideals containing P with maximal
Ž .GK-dimension d. Let AU  P and let Z be its center. Then A is
defined over a countable subfield k of ; that is to say, there is a
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   Ž k -subalgebra A such that A A   cf. the discussion in 9, Sectionk
.    2 . Let Z be the center of A ; then Z Z   andk
A A  Z.Z
An ideal 
 of Z is called ‘‘in general position’’ if 
 Z 0. If 
Max Z
is in general position, then
A
 A A  Z
 A  Z Z
has constant Goldie-rank
rk A
 A rk A rk A. Ž .
The set of points in general position is clearly dense in Max Z. So its
preimage in Y is a dense subset of Y with constant Goldie-rank. It is
Ž .irreducible since Y is irreducible. So condition i of 5.5 is satisfied. So by
Ž .5.5, condition ii of 5.5 is also satisfied; that is
X J ,  Y X J , Ž . Ž .
for an irreducible subset  of . Then
Y X J ,   X J , Ž . Ž .d
Ž . Ž . Ž . Ž .by 5.4 b and PX J,  X J,   I J,  . Q.E.D.
Remark. The proof shows that the Goldie-rank of the primitive ideals
Ž . Ž .I J,  	 P is constant rk U  P for  outside a countable union of
Ž  .hypersurfaces in  use 11, 3.11 . This we call the ‘‘generic’’ value of the
Goldie-rank.
5.8
Ž .COROLLARY. Let AU  P be a prime quotient, let Z be the center of
A, let K be its field of fractions, and let d be the GK-dimension with respectK
to K. Then for any maximal ideal 
 of Z we hae
d A
 A  d AK Ž . Ž . Ž .K
is constant.
Ž .In fact, P I J,  by 5.7, and then 
 generates an induced ideal
Ž .I J,  modulo P by 5.1 and these induced ideals have constant GK-di-
mension. The claimed equality follows by considering an 
 in general
position.
Remark. We wonder whether this result has a generalization to the
level of abstract ring theory. One should find conditions on a prime
Ž .noetherian ring A which imply  .
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5.9
Now we give an alternative characterization of sheets by GK-dimension
alone, while in 5.5 we used Goldie-rank in addition to GK-dimension to
Ž .characterize the sheets. Note, on the other hand, that iv below and 5.5
Ž .ii give criteria for sheets without any mention of GK-dimension or
Ž .Goldie-rank at all. In fact, iv yields a purely topological definition of
sheets.
Ž . Ž .Let  : XMax Z  , I I Z  denote the canonical projection
of X to central characters. For Y X we denote by Y the subset ofmin
minimal elements.
THEOREM. For a subset Y X the following assertioms are equialent:
Ž .i Y is a sheet.
Ž .ii Y is irreducible and has constant GK-dimension d, each IY
has GK-dimension  d, and Y is maximal with these properties.
Ž . Ž .iii Y is irreducible and has constant GK-dimension d,  Y is
closed, and Y is maximal with these properties.
Ž .iv Y is irreducible, YY , and Y is maximal with these proper-min
ties.
Ž . Ž . Ž .Proof. i  ii The sheet Y has the form X J,  as in 5.6. We know
Ž .from 5.4 that the ideals in X J,  have constant GK-dimension d, and
Ž .each I in the closure contains some I J,  by Theorem 5.1 and so has
GK-dimension  d. It remains only to prove the maximality assertion. Let
 Ž .Y Y satisfy all the assertions of ii except possibly maximality. Then by
      5.7 Y  X J ,  for some   ,  the center of a Levi subalgebra  ,Ž .
 Ž .  and J a primitive ideal in U  . We may assume that   and enlarge
   Ž .Y even to Y  X J ,  . So this properly contains Y , and this contra-
dicts the assumption that Y was a sheet. Hence Y was maximal with
Ž .respect to the conditions in ii .
Ž . Ž . Ž .ii  iii Let PY be the prime ideal in U  corresponding
Ž .to Y . By 5.7, this is an induced ideal I J,  , or in other words Y
 X J ,  . Let d be the maximal GK-dimension of a primitive ideal inŽ .
Ž .Y . By assumption ii we have d  d, and therefore
Y X J ,   X J ,   X J , Ž . Ž . Ž .d d
Ž . Ž .using 5.4 b . By the maximality assumption in ii we conclude that
Ž . Ž . Ž . Ž .Y X J,  . Suppose that JAnn L  . Then  Y W. 
 W.
Ž Ž .  .identifying Max Z  with  W. by HarishChandra isomorphism ,
Ž .which is closed. Hence we have verified iii except for the maximality
Ž . Ž .condition. For the latter we argue as in the proof of i  ii .
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Ž . Ž . Ž . Ž .iii  i We prove that ‘‘ Y closed’’ implies property 5.5 i . The
case where Y is a single point is trivial. So let us assume that the
Ž . ntopological dimension dim Y is positive. For each n let Y denote
nthe subset of Y of ideals of Goldie-rank n. Assume first that  Y Ž .
nŽ . Y for all n. So  Y is a proper closed subvariety of the affineŽ .
nŽ . Ž .variety  Y . Hence  Y is contained in a not necessarily irreducibleŽ .
Ž . Ž .hypersurface H of  Y . This holds for all n, so  Y is contained in an
Ž .countable union of its hypersurfaces H . But this is impossible since  Yn
 is a variety over an uncountable base field; cf. 11, 3.11 .
n Ž .We conclude that  Y   Y for some n. Since  is a map withŽ .
Ž 	 	.finite fibres bounded by W , it does not make topological dimensions
smaller, so
n ndim Y  dim Y  dim Y  dim Y .Ž . Ž .
From this equality of dimension, it follows that Y n is dense in Y since the
latter is assumed irreducible.
Ž .We have proved that Y satisfies property 5.5 i . Hence by 5.5 it also
Ž .satisfies 5.5 ii :
X J ,  Y X J ,  .Ž . Ž .
Ž .Now we conclude that by maximality Y X J,  . If this was not a sheet,
      Ž . Ž .then Y X J ,  Y for a sheet Y . Take J Ann L  . Then
Ž . Ž  . Y W.  
  W. , which is closed, so Y was not maximal with the
Ž .conditions in iii , a contradiction. Hence Y is a sheet.
Ž . Ž . Ž .iv  i Using the characterization of a sheet by 5.5 ii , this
follows from the following lemma. Q.E.D.
LEMMA. For an irreducible subset Y X the following assertions are
equialent:
Ž .1 YY .min
Ž . Ž .2 Y is of the form Y X J,  .
Ž . Ž .Proof. 1  2 Since Y is irreducible, PY is prime, so by 5.7
Ž .it is of the form P I J,  with  irreducible. Now Y X J , Ž .
Ž .and Y  X J,  by Theorem 5.1. Equality follows by constancy ofmin
Ž . Ž . Ž .GK-dimension on X J,  5.4 . Hence YY  X J,  is of themin
desired form.
Ž . Ž . Ž .2  1 Let IY . Then by 2 and Theorem 5.1, I contains some
 Ž .I  X J,  Y . If in addition IY then I must be equal to I . Thismin
proves that Y Y . Conversely, let d be the constant GK-dimension onmin
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Ž .X J,  . By 5.1 all IY X J ,  must have GK-dimension  d. ThisŽ .
Ž .implies that all IY X J,  , being of GK-dimension d, must be
minimal in Y , so YY . We have proved that YY . Q.E.D.min min
Ž .Remark. The topological characterization iv holds also for sheets
in G. So this seenns to be the adequate definition of sheets in a uni-
fied way.
5.10
EXAMPLES. The following examples of sheets should serve to illustrate
the definition and characterizations in 5.5 and 5.9. The verification of the
Ž . Ž .details is easy and left to the reader. Except in examples a and b we
assume  to be simple. Recall that there is exactly one nilpotent orbit in 
of each of the two maximal and the two minimal possible dimensions: the
	 	regulai orbit of dimension r R , the subregular orbit of dimension
 r 2, the minimal orbit, and the zero orbit; see 13, Chap. 4 . We specify
the sheets in X with these associated orbits.
Ž .a To the regular orbit there corresponds one sheet, consisting of
all minimal primitive ideals, the regular sheet. Its ideals have GK-dimen-
sion r and Goldie-rank 1. It is induced from a Borel subalgebra.
Ž . Ž .b To the zero orbit there corresponds a countable coherent
family of singleton sheets, one for each dominant integral weight, each
consisting of a single maximal ideal of finite codimension n2, say. Such an
ideal has GK-dimension 0 and Goldie-rank n.
Ž .c Let  be not of type A. To the minimal orbit there corresponds
Ž .also a countable coherent family of singleton sheets, each consisting of a
 single maximal ideal. There is a single one of Goldie-rank 1 30 ; the
others are translates of this one and have arbitrarily large Goldie-ranks.
Ž .d To the subregular orbit there correspond one or two countable
families of subregular sheets S , consisting of primitive ideals of GK-di-Žn.
mension r 2. Each of these sheets is induced from a parabolic subalge-
bra  with Levi subalgebra  of type A . Assume first that  has only one1
root length. Then there is only one conjugacy class of such . For each
n there is exactly one irreducible representation V of  of dimensionn
Ž .n up to isomorphism , and this induces the subregular sheet S in X . ByŽn.
8.3, S contains an open subset with constant maximal Goldie-rank n.Žn.
If  has two different root lengths, then there are two conjugacy classes
of such Levi subalgebras  , say, represented by  Ž1.,  Ž2.. These induce in a
Ž i. Ž .similar way two families of sheets S in X i 1, 2 . These sheets areŽn.
Ž Ž i. .pairwise different; they differ already by their varieties  S of centralŽn.
characters.
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Ž .e Take, for example,  	 ; then the sheets in X are precisely:3
Ž .1 the regular sheet of ideals of GK-dimension 6,
Ž . Ž .2 one countable family of subregular sheets S n ofŽn.
ideals of GK-dimension 4 and generic Goldie-rank n,
Ž .3 a countable family of singleton sheets of ideals of GK-dimen-
sion 0.
Ž . Ž .Note that the projection  S Max Z  into central characters of theŽn.
Žsubregular sheet S is a plane curve of degree 3 with a double point aŽn.
.  loop . The family of all these curves is drawn as a picture in 3, p. 178 . The
curves overlap, and so do the sheets, but in a non-trivial way. It is easy to
work out the exact pattern of overlaps of these sheets.
Note that the union of all the subregular sheets S , n, is aŽn.
maximal irreducible subset of X of constant GK-dimension 4, but it is not
a sheet since it has unbounded Goldie-rank. Note also that this union is
dense in X , and so its closure contains ideals of GK-dimension 6 4; thus
Ž .condition ii of 5.9 is violated, and again this set is not a sheet. This set
illustrates why we cannot take for sheets just maximal irreducible subsets
of constant GK-dimension: its projection to central characters is not a
variety, so its points cannot be parameterized by continuous parameters.
Ž .f Take as another example  	 ; then the sheets in X are4
precisely:
Ž .1 the regular sheet of ideals of GK-dimension 8,
Ž .2 two countable families of subregular sheets of ideals of GK-di-
mension 6,
Ž .3 one countable family of singleton sheets of ideals of GK-di-
mension 4,
Ž .4 one countable family of singleton sheets, each consisting of an
ideal of finite codimension.
6. CLASSIFICATION OF SHEETS
6.1
Ž .By Corollary 5.6, all sheets in X have the form X J,  with some
Ž .completely rigid primitive ideal J of U  . Our goal is to prove in Theorem
Ž .6.8 conversely that for each completely rigid J the set X J,  is a sheet.
This needs some preliminary work.
Given P X , let JP denote the subset of X obtained by translation,
more precisely as the set described by the essentially well-known lemma
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Ž . below. By Duflo’s theorem we may write PAnn L  , for some   .
Ž .Let E be the set of isomorphism classes of finite-dimensional -modules.
LEMMA. The following sets coincide:
Ž .   Ž .  Ž .i Ann L  E L  : L  0 for some E E and d L 
Ž Ž ..4d L  ,
Ž .  Ž Ž .. 4ii Ann L Hom L, E L   0 for some E E ,UŽ .
Ž .  Ž Ž . . 4iii Ann L Hom E L  , L  0 for some E E ,UŽ .
Ž .  Ž Ž .. Ž Ž . .iv Q X Q	Ann E L  for some E E and d U  Q
Ž Ž . .4 d U  P ,
Ž . Ž .and are independent of the choice of L  satisfying PAnn L  .
Ž .Proof. Recall that for any finitely generated U  -modules M, N, we
Ž . Ž .defined F M, N in 4.9 as the subspace of Hom M, N of elements
Ž .locally finite under the diagonal action of U  . By Frobenius reciprocity
  Ž . Ž Ž .. Ž . Ž Ž . .44, A.2.16 , ii is equivalent to F L, L   0 and iii to F L  , L  0.
 Ž . Ž .These are equivalent by 23, 3.7 i . For iii the asserted independence is
  Ž . Ž . Ž .  just 23, 3.8 . Since F M, N  0 implies d M  d N by 44, 8.2.5 , the
Ž . Ž Ž .. Ž .set defined in ii or iii is a subset of that in i . The opposite inclusion
  	follows from 23, 3.8 . In more detail using the translation functors T we
Ž . Ž .can assume that L L x. , P L y. , with  dominant regular and
Ž Ž . . x, yW. Since F M  , induces an equivalence of categories 23,
 Ž . Ž Ž .1.12 , L being a simple subquotient of E L y. implies that F M  ,
Ž .. Ž Ž . Ž .. Ž Ž .L x. is a simple subquotient of F M  , E L y.  E F M  ,
Ž .. Ž 1 . Ž 1 .  L y. . Then I x . 	 I y . by 33, 4.7, 4.12 . Equality of GK-di-
Ž Ž . . mension see  below forces equality and hence the assertion by 23,
3.8 .
If LOb O, then
2 d L  d U  Ann L Ž . Ž . Ž .Ž .
 by 32 . Yet
'Ann E L   Ann L  E L  : L  0 4Ž . Ž .Ž . 
Ž . Ž .and so the equality of i and iv follows. Q.E.D.
6.2
ŽThe set JP is described via its Goldie-rank representation see the
. Ž .definition below . To see this we first remark that if L 	 occurs as a
Ž . Ž .  Ž .submodule of E L  , then L  occurs as a quotient of E  L 	 .
Ž . Ž .Consequently Q JP P JQ, by the equivalence of ii and iii in 6.1.
 On the other hand, by 11, Section 2 a coherent family in the sense of 2.4,
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say I, is obtained from any member I with a regular central characterw
Ž . 	defined by, say,  through the translation functors T . In particular
I JI, and from the first remark we further conclude that JP is a unionw
  4of coherent families for each P X . Let p : i 1, 2, . . . , n be thew i  Goldie-rank polynomials of these families. By 6.1 and 35, Section 5 , the
  4  p form a basis of a simple  W module. We denote this module byw i
Ž . Ž .M and call it the Goldie-rank module representation of P or of JP .P
Conversely, M determines the Goldie-rank polynomials p , and givenP w i
the lattice , these determine the primitive ideals in JI. We have seen:
LEMMA. Let Q, P X belong to coherent families on the same lattice .
Then JP JQ if and only if M M .P Q
6.3
It is clear that we may define J  relative to a Levi subalgebra  of  in
a fashion analogous to the definition of J. Recall the notation of 5.4 and
Ž . Ž . Ž .write X M ,   X J,  and J M  JJ for M X .J M J M
Ž .LEMMA. For any subset  of  and any P Prim U  one has
J X P ,   X J P ,  .Ž . Ž .Ž .
Ž Ž . . 	  	 Ž .Proof. Set n d U  P and m RR . Take PAnn L  . The
Ž . Ž Ž ..elements of X P,  are those primes over Ann Ind L 
  :  of
Ž Ž .. ŽGK-dimension n
m. Thus J X P,  are those primes over Ann E
Ž .. ŽInd L 
  : , E E of GK-dimension n
m. Yet E Ind L 
 . Ž Ž .. Ž .
   Ind E L 
  , whilst X J P,  are those primes over
Ž Ž ..Ind E L 
  : , E E of GK-dimension n
m. So the
lemma follows. Q.E.D.
6.4
Our next result shows that complete rigidity is a property of the fam-
ily JP.
LEMMA. If I JP is completely rigid, then eery J JP is completely
rigid.
Proof. Suppose that J JP is not completely rigid. Then by 5.6 we
Ž .have J X Q,  , with Q a primitive ideal for some proper Levi factor
Ž . Ž .with center  . Then JP JJ X JQ,  , by 6.3. This shows that no
member of JP is completely rigid. Q.E.D.
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6.5
 Ž .Fix a Levi factor  with centrer  and J, J  Prim U  . Let J
Ž .  Ž .  Ann L  and J Ann L  . We can assume that  ,    , that is,
J, J  distinguished. Let   denote the complement of finitely many , 
Žhyperplanes in  as defined in Lemma 8.5 which is independent of the
.rest of Section 8 .
Let W denote the stabilizer of  in W. It induces automorphisms of R
and so up to an element of W  induces Dykin diagram automorphisms of
 Ž .B , which we lift to automorphisms of U  . The following will yield a
special case of a converse to 5.6.
THEOREM. The following four assertions are equialent:
Ž . Ž . Ž  .i X J,   X J ,  .
Ž . Ž . Ž .ii X J,   X J ,  .
Ž . Ž . Ž . Ž .iii X J,   X J ,   notation 8.5 . , 
Ž .iv There exists wW which restricts to a Dynkin diagram automor-
phism of B such that J  wJ.
Ž .Remark. Assertion iii is a first step in the description of intersections
of sheets.
Ž . Ž . Ž .Proof. i  ii By 5.4 b .
Ž . Ž .ii  iii Trivial.
Ž . Ž . Ž . Ž .iii  iv By assumption there exists I X J,   X J ,  ; so , 
Ž . Ž  . I J,  and I J ,  for some   ,    are both contained in I.   , 
Thus they have the same central character; so by HarishChandra

  w. 
   for some wW .Ž .
Ž .Then, by Lemma 8.5, w stablizes  hence also  ; so wW .
Now let   denote the half-sum of the roots of R R . Then  B 

Ž .  Ž   .  
  . Substitution above gives w 
       	 w   B B B
  0. Consequently w..  , where .. means translated action
 Ž .relative to  . For wW this would mean that JAnn L  andB
 Ž .J Ann L w.. have the same central character relative to the semisim-
Ž .ple part of  and hence relative to  since they are distinguished . In
general this holds up to the Dynkin-diagram automorphism constructed as
Ž .  below from w. Substitution in our previous step gives w. 
    
  .
 Ž  . We note for later on that this gives   w 
    .
Ž .Now assume  and hence  to be in general position, so that
 ŽW W . As in 5.2 it is enough to take   , a subset excluding 
 0
. appropriate but countable many hyperplanes. Then after Jantzen 28,
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 Ž . Ž  .1.17 , the induced modules M 
  and M  
  are simple and so 
Ž . Ž  .are equal to L 
  and L  
  , respectively. By hypothesis their
Ž . Ž  .aminihilators I 
  , I  
  coincide. It is convenient to choose
Ž . 
 
 P R dominant and y W , y  wy , such that 
1  2 1
  Ž . Ž . y . and  
   y . , so we have I y .  I y . . Here  need1 2 1 2
 not be regular. However by 11, Section 2 all equalities of the above form
can be obtained using the translation functors T  starting from some


 Ž . Here the crucial points to note are first that translated ideals
Ž .can become equal only if they both degenerate to U  and second that all
primitive ideals at singular central characters are obtained by translation
.from regular central characters. It follows that the full coherent families
Ž Ž . Ž . 
coincide. To be precise I y .  I y . , for all  , where as in 2.3,1 2
0 .we must choose y , y be of maximal length in their right W coset.1 2 
   Ž .However   
  
 P R need not coincide with ; yet by construc-
tion they have representatives in the same W. orbit. Consequently we
Ž .can find a unique xW in the same right W coset as w such that
x.



. From the above coincidence of full coherent families and
 
 Ž2.4 we conclude that p  xp . One may remark that x must be they y1 2
ŽŽ . .unique minimal element of its right W coset and one has I xy . 
Ž . 

 .I y. , 
 yW ,  by 3.12.
By 2.7, the Goldie-rank polynomials of the full coherent families con-
Ž . Ž .   Ž  .taining J resp. J are proportional to p  xp resp. p . Howevery y y1 2 2
this does not mean J and J  are equal because x need not belong to W .
Yet since x wW  it follows that x preserves  . Moreover by 3.12
Ž  . needed if B  B we may modify x by an element of W so that it
Ž  .preserves the set of dominant regular relative to R  R elements of

Ž .  
 P R . Then x preserves B and we may even assume it preserves B .
Thus it induces an automorphism of the Dynkin diagram of B which
restricts to an automorphism of the Dynkin diagram of B . Lifting x to an
Ž . element of Aut U  we conclude that J  xJ for some xW , by the
linear independence of Goldie-rank polynomials and equality of their
 Ž . Ž .central characters. Indeed J Ann L  and xJAnn L x whilst
Ž .  x x.. since x preserves B and   w.. lie in the same W..-orbit.
Ž . Ž .This proves that iii  iv .
Ž . Ž . iv  i Suppose that J  wJ with wW . Since  and w have
Ž .the same Levi factor  , it follows from 5.4  that
I J ,   I J  , Ž . Ž . 
 Ž .  Ž . Ž . Ž . Ž .with   w 
     . Hence X J,   X wJ,  . Hence iv  i .
Q.E.D.
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Ž . Ž .COROLLARY. Suppose that X J,   X J ,  . If J is completely rigid,
then so is J .
6.6
Ž . Ž  .  ŽEXAMPLE 1. In general X J,   X J ,  does not imply J J even
.   4for distinguished ideals . Indeed take B of type D with B  B  in4 1
 the Bourbaki enumeration 12 . This is of type A . One checks that there3
is an element wW which restricts to a non-trivial Dynkin diagram
 Ž  .automorphism of B . This interchanges  and  still notation 12 . Let3 4
Ž . Ž .J resp. J be an almost minimal primitive ideal with Goldie-rank
Ž . Ž .  polynomial  resp.  . Then w J  J if the central characters of J, J3 4
 Ž . Ž . Ž .coincide, whilst J J only if J I  with      , which3 4
incidentally is forced by requiring J, J  to have Goldie-rank one. We do
Ž . Ž  . not quite know if X J,   X J ,  forces J J in the Goldie-rank one
Ž .case and indeed this question arises as we shall see in the next section in
our generalization of the Dixmier map being well deflned.
Ž .EXAMPLE 2. In Example 1, M M notation 6.2 . This is becauseJ J
 ,  are also interchanged by w s s s s W . Of course w 3 4     22 3 4 2
Ž .   
  
  , so unlike w it does not induce the Dynkin diagram2 3 4
automorphism of B. However the equality M M  fails in general. ThusJ J
  4  take B of type A with B  B  in the Bourbaki enumeration 12 .5 3
Then the Dynkin diagram automorphism of B interchanging  with 1 4
Žand  with  is implemented by wW, sending  to   
  
2 5 3 1 2
. 
  
  . Yet obviously  and  generate different Goldie-rank3 4 5 1 4
modules for B through the action of W . The hypothesis of Corollary 6.5
implies by 6.3 that
  X J J ,   X J J ,  .Ž . Ž .
Our example shows that this may fail to imply J J J J  because M J J
and M   need only to be conjugate under W. This upsets an easy directJ J
proof of Corollary 6.5 based on 2.7 which allows one to recover M  fromJ J
Ž  .the Goldie-rank polynomials of the X J J,  . A careful analysis shows0
that though the spaces of polynomials coincide they must be evaluated on
different lattices in  which are nevertheless conjugate under W. Thus
either M  M   if the Goldie-rank polynomials are evaluated onJ J J J
Ž   .different lattices and this does not imply J J J J or conjugating one
lattice into the other, then M  M   .J J J J
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6.7
Let ,  be parabolic subalgebras of  with Levi factors ,  corre-
sponding to subsets B, B of B and having centers , . Take J , J
Ž . Ž  .primitive ideals in U  resp. U  .
    Ž . Ž .PROPOSITION. Suppose that X J ,   X J ,  . Then J is not com-
pletely rigid.
Ž .Proof. Consider the closed continuous map  : XMax Z  . It has
Ž .finite fibres of cardinality bounded by the order of the Weyl group and so
does not decrease topological dimension. Thus if
    X J ,    X J ,  Ž . Ž . Ž .Ž . Ž .
we would obtain
   dim X J ,   dim X J ,  .Ž . Ž .
   Ž . Ž .Yet X J ,  is irreducible and closed in X J ,  , so these sets must be
equal, contradicting the hypothesis.
 Ž .  Ž  .By Duflo’s theorem we can write J Ann L  , J Ann L  .
 Ž .Recalling the HarishChandra isomorphism Max Z    W. , we have
 I  J  ,  W . 
   ,  I  J ,  W . 
   .Ž . Ž . Ž . Ž .Ž . Ž . 
Thus the inclusion of the hypothesis gives

  W . 
   .Ž .
Ž   .  Yet w.  
  is closed for all wW, whilst  
  is irreducible.
  Ž   .Consequently there exists wW such that  
   w.  
  . In
 Ž   .    particular   w.  
  , for some    and so   w . Moreover
Ž .this inclusion must be strict for otherwise we would obtain  . We
conclude that B wR R R. Choose yW  such that
  	  	   	  	yB  B . Since B  codim   codim   B , this inclusion must be
strict. Since  y1  y1 w, we may replace w by y1 w. Then w 
Ž .  Žbecomes a standard proper Levi subalgebra of  given the proper subset
 . B of B . In particular  w  
  is a proper parabolic subalgebra of

 Ž . with the same Levi factor as w . By Lemma 5.4 c , we have
X  J ,   X  wJ , w  X wJ , wŽ . Ž . Ž . w 
and so by the assumption, since  w,
   X J ,   X wJ ,  . 1Ž . Ž . Ž . 
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Ž  . Ž . Ž  . Let I wJ , 0 Ann U   U w  wJ denote the induced ideal in UŽ .
Ž .U  . Then we have by induction by stages
I wJ ,	  I I 

wJ , 0 , 	 , for 	  . 2Ž . Ž . Ž .Ž .  
Ž  .Let J , . . . , J be the minimal primes over I wJ , 0 . Then it follows from1 t 
Ž . Ž .1 and 2 that
    X J ,   X wJ ,   X J ,  .Ž . Ž . Ž .   i
i
   Ž . Ž .Finally X J ,  and X J ,  are irreducible of dimension dim  andi
closed in the subspace of X of the given GK-dimension. It follows that
  X J ,   X J ,  for some i .Ž . Ž .i
Since J is properly almost induced by construction, we conclude from 6.5i
that J  is not completely rigid.
6.8
Ž .THEOREM. The sheets in X are precisely the subsets X J,  , where  is
the center of a Lei subalgebra  of  , and J is a completely rigid primitie
Ž .ideal in U  .
Proof. We have already seen in 5.6 that each sheet has this form.
Ž .Conversely, let J be a completely rigid primitive ideal. If X J,  is not a
sheet, then it is properly contained in a sheet, which by 5.6 has the form
 Ž . Ž .X J ,   X J,  . Now it follows from 6.7 that J is not completely rigid,
a contradiction. Q.E.D.
6.9
To complete the classification of sheets, there remains the question:
 Ž . Ž . ŽWhen are two sheets X J,  and X J ,  the same? Given two Levi
subalgebras  ,  with centers  ,  and completely rigid primitive ideals
 Ž . Ž . .J, J in U  resp. U l .
 Ž  .First we observe that  and  hence  and  must be G-conjugate by
the first part of the proof of 6.7. So we have gG such that  g , and
Ž  . Ž  . Ž  . Ž  . Ž  . X J ,   X J ,   X gJ , g   X gJ ,   X gJ ,  where for g  
Ž . the third equation we use again 5.4 c . So we may assume that   .
Then by 6.5 we obtain the following
PROPOSITION. Let J, J  be distinguished completely rigid primitie ideals
 Ž . Ž . Ž .in U  . Then X J,   X J ,  if and only if J  wJ for some wW .
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COROLLARY. The set of sheets in X arising from a fixed Lei subalgebra 
is in bijection to FA, where F is the set of distinguished completely rigid
Ž .ideals in U  and A is the group of Dynkin diagram automorphisms of 
induced from a Weyl group element of W.
6.10
EXAMPLE. For  	 the only completely rigid primitive ideals J Xn
are those of finite codimension.
Ž Ž . .In fact, J must have integral central character say by 6.11 a below .
Ž . ŽThe class JJ see 6.1 is described by the Goldie-rank representation see
.  6.2 , which in turn is given by 8, 5.14, Theorem 2 the associated variety
Ž .V gr J , the closure of a nilpotent orbit O. Again, O is given by a partition
p of n. For each given partition, we can easily construct an induced ideal
of integral central character with associated variety given by this partition
Ž .p just induce from a parabolic subalgebra of partition dual to p . The
Ž .induction is non-trivial, except if p 1, 1, . . . , 1 . This shows that all
Ž .classes JI I of integral central character contain properly almost in-
duced ideals, except for I of finite codimension. By 6.4 all JI consist of
non-completely rigid ideals, except those of finite codimension.
6.11
Ž . Ž .PROPOSITION. a If I  is completely rigid, then R has maximal rank.
Ž . Ž .b If R has maximal rank and if  is regular and I  is maximal,
Ž .then I  is completely rigid.
Ž .Proof. a If R does not have maximal rank, then there exists a proper
subset B B such that R is contained in the subsystem R R B
Ž . Ž .we may conjugate by an element of W to achieve this . Then I  is
Ž .  induced from a primitive ideal in U  by 28, 1.17, Bemerkung 2 . Hence
Ž .I  is not even rigid.
Ž . Ž . maxb The GK-dimension of the maximal ideal I   I of regular
central character is
max 	 	d d U  I  RRŽ .Ž . 
Žsince the Goldie-rank polynomial is the product of all positive roots in
. Ž .R . For 	  in a small complex neighborhood of  we have R  R 	 
Ž Ž . max .and therefore d U  I  d. This shows that  is an isolated point	
Ž . Ž .with I  of GK-dimension as small as d. So I  forms a singleton sheet,
Ž .and this implies that I  is completely rigid. Q.E.D.
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Ž .A completely rigid primitive ideal of U  forms a ‘‘singleton sheet,’’
Ž .that is, a sheet consisting only of one element. Proposition b above
provides lots of examples of non-trivial completely rigid ideals which are
maximal. There are also non-maximal ones; see the next example.
6.12
Ž .LEMMA. Let J be a primitie ideal of U  with associated ariety
Ž .V gr J  O being the closure of a rigid orbit O. Then J is completely rigid.
Ž  . Proof. If not, J is minimal over I J , 	 for some primitive ideal J of
Ž .U  . Then
 O V gr J  V gr I J , 	 G V gr J 
 Ž . Ž . Ž .Ž .Ž .
with equality by equality of dimensions. In words, O is the orbit induced
  Ž  .from O , O being the dense orbit in V gr J . This contradicts the
rigidity of O. Q.E.D.
EXAMPLES. Recall that the nilpotent orbits O associated to primitive
ideals with trivial central character are exactly the ‘‘special’’ orbits in the
  Ž sense of Lusztig by BarbaschVogan, see 8, 5.14, Theorem 2 . Lusztig 50,
5.25 later gave a more intrinsic proof of this result. This still needed some
primitive ideal theory, but he eliminated the need for this in later
  worksee, for example, this discussion in 40, 2.1 and 3.6 of Reference 6
 .therein . For example, type F , E , E resp. E there are exactly 2, 1, 34 6 7 8
 resp. 5 nonzero special rigid orbits, as tabulated in 7, 6.15 . So to each of
these orbits correspond primitive ideals with trivial central character, and
they are non-maximal completely rigid ideals by the lemma.
Such examples occur also for  classical. In type D , the minimal orbit4
Ž .O which is rigid gives rise to a maximal completely prime, primitive ideal
I with an integral but non-regular central character with associated variety
O. By the lemma the primitive ideals in JI are completely rigid and at a
regular central character they are non-maximal.
 For  of type B , which is discussed in 6, 6.15 , there are 26 special6
orbits, only one of which is rigid, namely the unique one of dimension 36.
The corresponding primitive ideals are again completely rigid and not
maximal.
6.13
We are particularly interested in the subspace X 1 of X of completely
prime primitive ideals. More generally, let X n X denote the subspace of
primitive ideals of Goldie-rank n. We define a sheet in X n to be a
maximal irreducible subset in X n of constant GK-dimension.
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PROPOSITION. The number of sheets in X n is finite.
Using 5.5, this follows readily from the finiteness theorem 4.3.
Every sheet S of X n is contained in a sheet T in X ; but S need not be
Ž ..dense in T even when n 1 see 7.12b .
If S is dense in T , then by 8.3 the elements of S T have Goldie-rank
 n. We may ask if this holds in general.
If S is not dense in T then again by 8.3, the generic value of Goldie-rank
on T must be strictly greater than n. In particular X n need not be
contained in the sheets of generic Goldie-rank n. This can happen even
Ž .when n 1. Nevertheless it is always true by the first remark above that
X n is contained in finitely many sheets of X .
So there are only finitely many sheets in X 1. Each polarizable sheet in
1  G corresponds to a sheet in X by the classical Dixmier map 5 . In the
next section, we extend Dixmier’s construction to non-polarizable sheets.
However, it turns out that there are more sheets in X 1 than sheets in
G in general; see 7.12.
7. A GENERALIZED DIXMIER MAP
7.1
Recall that  is a parabolic subalgebra of  with nilradical  and Levi
factor  containing . The center  of  has normalizer W in the Weyl
group W. We identify  ,  ,  with their dual by the Killing form. Let 
denote half the sum of roots occurring in  , so that we have
 1  trace on  .  2
The shifted W -action on  is defined to be
w :  w 
    w 
      w Ž . Ž . B B
for wW ,   , where   is half the sum of positive roots in R. For B
Ž . Ž .  and J a primitive ideal in U  we have defined 2.7 the induced
Ž .ideal I J,  , which has a central character. If J is completely prime, then
Ž .this induced ideal is again completely prime by a result of Conze Berline
 Ž   .15, Theorem 3.1 cf. 29, Corollary 15.6 for an alternative proof . The last
statements combined imply that this ideal is also primitive. In conclusion
PROPOSITION. Parabolic induction maps the completely prime primitie
Ž . Ž .spectrum of U  into that of U  .
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7.2
A sheet S in  is a maximal irreducible subset consisting of orbits of
some fixed dimension with respect to the adjoint group G. There are only
  Ž .finitely many sheets, and they are classified 4, Section 4 by pairs  , O
 Žup to conjugacy, where  is a Levi subalgebra of  , and O is a rigid or
. Ž .‘‘original’’ orbit in  necessarily nilpotent . Here an orbit is ‘‘rigid’’ if it
 forms a sheet by itself in  ,  . The sheet S is then given by a parabolic
Ž .subalgebra  with Levi factor  as in 7.1 as
regSG O 
 rad Ž .
Žwhere ‘‘reg’’ means the subset of points generating an orbit of maximal
. dimension . The special case of the zero-orbit O  0 gives the polarizable
sheets, i.e., the sheets in which each point admits a polarization. The orbits
Ž .in the sheet S are parameterized as follows notation 7.1 :
 PROPOSITION 4, 5.6 . There is a bijection  : W  SG gien by
 regŽ . ŽW G 
 O 
 for  . This is a homeomorphism with re-
.spect to the quotient topologies of the Zariski topologies .
 The bijectivity is proven in 4, Section 5 , while the bicontinuity is proven
 in 49 only for polarizable sheets, but the proof carries over to general
sheets.
7.3
Given a sheet S with nilpotent orbit O S, let O  be the rigid orbit in
the Levi subalgebra  which determines S. Now assume that we can find
Ž .somehow a completely prime primitive ideal J of U  with associated
Ž .variety V gr J  O .
Ž .LEMMA. The induced ideals I J,  with   hae associated ariety
O, where O is the unique nilpotent orbit in S; i.e., O is induced from O .
Ž .Proof. The induced ideal I J,  is the annihilator of an induced
Ž op. Ž op.module U   L with associated graded module S   gr L
Ž . which has associated variety 
 V gr L . The associated variety of
Ž .the ideal I J,  contains this associated variety of the module and is
G-stable and closed, so
V gr I J ,  	G V gr L 
 G O 
  O , Ž . Ž . Ž . Ž .Ž .Ž .
Ž . Ž . Ž  .since V gr L generates the associated variety V gr J  O cf. 39
 under the adjoint group of . Now by 4
dim O dim O 
 2 dim  ,
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Ž  and on the other hand using 32 in the second and the second last
.equality
dim V gr I J ,   d U  I J ,   2 d U  op  LŽ . Ž . Ž . Ž .Ž .Ž . Ž .  
 2 dim  op
 d LŽ .Ž .
 2 dim 
 2 d L  2 dim 
 d U  JŽ . Ž .Ž .
 dim O 
 2 dim  .
Ž .So we have equality of dimension in  . Since the associated variety of a
 primitive ideal is irreducible by 39 , it follows that equality must hold
Ž .in  . Q.E.D.
Ž . Ž . 1Hence we obtain an induction map  I J,  ,  X J,   X into O
the space X 1 of completely prime primitive ideals with associated orbit O.O
Since  parameterizes also the orbits in the sheet S, we may now try to use
Ž . 1this to define a generalized Dixmier map SG X .O
7.4
To define a Dixmier map on an arbitrarily given sheet S  we
Ž . Ž .proceed as follows. Let S be given by the data  , O 7.2 . We make the
following
Ž .Assumption. i There exists a completely prime primitive ideal J of
Ž .U  with associated nilpotent orbit O.
Ž .Remarks. a Such a J is necessarily completely rigid, since O is rigid
Ž . Ž . Ž .6.12 . So X J,   X J,  is a sheet in X by 6.8.
Ž . Ž .b This assumption i is always satisfied for any nilpotent orbit O if
 has only components of classical type: This can be deduced from
 McGovern’s memoir 52, Chapters 6 and 7 , as he communicated kindly in
Ža letter. Since we may assume that   in the following the case  
. Ž .being trivial , it follows that assumption i is satisfied if  has no
components of type E or E . But we do not use this here.7 8
Ž . Let  denote the group of Dynkin diagram automorphisms of B , lifted
Ž . to automorphisms of  resp. U  . Let A be the subgroup of  of
automorphisms induced from an element of G stabilizing  and hence
induced from W . We note that O is A-stable:
w O O for all w A . 1Ž .
In fact, it follows from the classification theory of nilpotent orbits that the
weighted Dynkin diagrams of type A resp. E classifying nilpotent orbits6
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are all invariant under the non-trivial diagram automorphism by 13, 3.6.5
resp. Tables 8.4 . And for type D there are only the ‘‘very even partitions’’
 conjugate under a non-trivial diagram automorphism 13, 5.1.4 and 5.3.5 ,
but these are not rigid. We now make an additional assumption on J, that
it be also A-invariant:
Ž . Assumption. ii wJ J for all w A .
This assumption is, e.g., automatically satisfied if  has no components
Ž .of type D , E see 7.6 .n n
Next we need to modify the classical notion of a polarization as used,
    e.g., by Dixmier 17 or in 56 . Let  be a parabolic subalgebra of  with
  Ž .Levi factor  conjugate to  and nilradical  . Then it follows from 1
above that  has a unique nilpotent orbit O  G-conjugate to O . So we
can define:
Ž .DEFINITION. Given y S in a sheet S S  , O , a parabolic subalge-
bra  of  with Levi factor  conjugate to  is called an S-polarization of
Ž  .reg y if y is contained in O 
 rad  , where O is the unique conjugate
to O in .
Each y S admits in fact an S-polarization, even conjugate to  , since
Ž .regSG O
 rad  by 7.2. Note that for O 0, the zero-orbit, an
 S-polarization is an ordinary polarization as studied in 17, 56 . But if O is
nonzero, then an S-polarization is not a polarization in the ordinary sense.
In fact, on an open dense subset of S an ordinary polarization does not
exist then.
˜   Ž .Now we consider the set S of pairs  , y of an element y  S
  ˜ ˜together with an S-polarization  of y . Let us define a map D: S X as
  ˜ Ž .follows. Let  , y  S, say,   g  with gG the Levi factor of
,   g  , J   gJ with our given completely prime ideal J. We define
˜   ˜        	 D  , y  I J ,   I J ,    , where   y . 2Ž . Ž . Ž . Ž . 
By 7.1 this is in X 1. But we have to prove that this is independent of the
choice of g. So let h be another element of G with  h. Then h ag
with some automorphism a of  induced from G. The above definition
with g replaced by h gives now
˜   ˜  D  , y  I aJ , a .Ž . Ž .
˜Ž . Ž . Ž .But this coincides with 2 by 5.4 c  . We have proved that the map D:
˜ 1 Ž .S X is well defined. Definition 2 depends only on the Levi factor 
 ˜ ˜ 1Ž . Ž .and not on  by 5.4 c i . Hence the map D: S X does not depend
on the choice of a conjugacy class of parabolics, but only on the choice of a
conjugacy class of Levi subalgebras, which is determined by the sheet S.
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Ž .LEMMA. The induced ideal 2 is independent of the choice of an S-pol-
arization. That is to say, if  ,  are two S-polarizations of y S, then
˜  ˜Ž . Ž .D  , y D  , y .
  1  	  	Proof. Let hG with  h , and put J  h J,   y ,  y . 
˜ ˜Ž . Ž .We have to prove that D  , y  I J,  is equal to
˜  ˜   ˜   ˜  D  , y  I J ,   I hJ , h  I J , h .Ž . Ž . Ž . Ž . h 
The G-orbit Gy intersects 
 O
 densely and similarly 
 O 

Ž . notation as above , so also h 
 O
. Now by 7.2 we have the
parametrization map
reg W  SG , W G 
 O 
 .Ž . 
We conclude that  and h belong to the same W -orbit, say h w
Ž . Ž .with wW . By the DufloVogan result 5.4 c  we have now
I J ,   I wJ , w :  ,Ž . Ž . 
so
˜   ˜I J ,   I J ,    I wJ , w   I wJ , w .Ž . Ž . Ž . Ž .   
Ž .By Assumption ii above we conclude that
˜ ˜ ˜ ˜ I J ,   I wJ , w  I J , w  I J , h .Ž . Ž . Ž . Ž .   
This was to be proved. Q.E.D.
˜ ˜Ž .The map D is constant on G-orbits: For each  , y in S and g in G
we have
˜ ˜ ˜ ˜D g , gy  I gJ , g  I J ,  D  , y ,Ž . Ž . Ž . Ž .g  
˜ ˜ 1	where  y . So D induces a map SG X .
7.5
Ž .Given a sheet S in  by the data  , O as in 7.2 and a primitive ideal J
Ž .in U  satisfying the assumptions of 7.4; i.e.,
Ž .i J is completely prime with associated nilpotent orbit O,
Ž . ii wJ J for all w A ,
Ž .then we define a relative Dixmier map Dix: SG X as follows:
 ˜ ˜ Ž . Ž . Ž .DEFINITION. Dix O D  , y  I J,  where O is a G-orbit in S,
 	y is any representative of O ,  is any S-polarization of y, and  y .
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Ž .THEOREM. Gien a sheet S in  and a primitie ideal of U  satisfying
Ž . Ž .Assumptions i and ii aboe, a relatie Dixmier map is well defined by this
Ž . 1definition. It maps the sheet SG in G onto the sheet X J,  in X .
This is now immediate from Lemma 7.4 and the statement following it.
ŽRemark. If O is the zero-orbit, then S is a polarizable sheet Dixmier
.sheet , and our construction of a map Dix as above coincides essentially
with the classical construction of Dixmier, restricted to a single sheet.
However, to be more precise, Dixmier admitted arbitrary polarizations, not
only from a single associated class of parabolics as we do here, and this
leads into difficulties, since the induced ideals need not be independent of
the choice of a polarization then: A counterexample may be found in the
  Žsubregular sheets of 	 in 1 . Only for  	 and of course for5 n
.solvable  Dixmier’s method worked out well and defined a map G
 X ; see 2 . The restriction of this map to a single sheet coincides with our
Ž  map Dix here. Note that the proof of the main result of 2 was already
 simplified and generalized in 29, 15.27 and is further simplified and
.generalized here.
EXAMPLE. An example where our theorem gives a new map is obtained
from the minimal orbit O, when  is of simple type  A. By definition, O
is the unique nilpotent orbit of  of minimal positive dimension, and it is
Ž .rigid. Assumption i of 7.4 is satisfied by a unique completely prime J by
  Ž .30 . Assumption ii of 7.4 holds also: It suffices to check this for  of type
Ž . Ž .D or E by 7.6 . Let J I  . Then , where  is the fundamen-n 6
tal weight corresponding to the unique simple root with three neighbours
   Ž30 . So  and hence J is invariant under A . This also follows from the
uniqueness of J. In general there is no reason to suppose that uniqueness
Ž . .holds in assumption 7.4 i . Hence the theorem now gives a well-defined
Dixmier map on a non-polarizable sheet, which is new.
7.6
Ž .The above theorem leaves open the question whether Assumption ii is
automatically satisfied. In this respect we can prove:
PROPOSITION. If  has no component of type D , E then a primitien n
Ž . Ž . Ž .ideal J satisfying assumption i satisfies also Assumption ii of 7.4 ; that is,
J is A-inariant, and the corresponding Dixmier map is well-defined.
Ž . Ž .Proof. Let JAnn L  by Duflo’s theorem. Then aJAnn L a
for each a A. So it is enough to prove that A fixes  . As is well known,
there are no non-trivial Dynkin diagram automorphisms except when  has
components of type A or D or E . And since each simple component of 6
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contains at most one simple component of  of type other than A, the
 Ž .group A can properly permute only components of type A. Now in
components of type A our highest weight  must be zero by Assumption
Ž . Ž .i , since i implies that J is completely rigid, and the only such completely
prime ideal in components of type A is the augmentation ideal by 6.10.
But any other components with non-trivial A-action must be of type D orn
E , which we excluded by assumption. Q.E.D.n
In types D , E we do not quite know whether our Dixmier map isn n
Ž Ž . . Ž .always well defined whether ii is satisfied . The examples below 7.8
show that this is a delicate problem. However, we can prove that the
answer is positive if J is maximal and has regular central character;
see 7.9.
7.7
EXAMPLE. We note that the normalizers W are the ‘‘parabolic sub-
groups of reflection groups’’ which have been completely described by
 Howlett 26 , but we do not need this here.
LEMMA. Consider a root system R  of type D , and a subsystem R ofn
type D . A non-triial Dynkin diagram automorphism a of order 3 of R does4
not extend to a Weyl group element of R.
Proof. If the Dynkin diagram automorphism a of order 3 of R extends
to an automorphism in W of R, then by the remark below, so does the
Ž .transposition b interchanging  and  see diagram .2 4
Let c be an extension of b. Then  c is a root, which we write as a5
linear combination of basis roots m  
 
m  with m  .1 1 n n i
Now since c preserves scalar products, we have
0  ,   c , c   ,   2m mŽ . Ž . Ž .1 5 1 5 1 1 3
and
1  ,   c , c   ,   2m m .Ž . Ž . Ž .4 5 4 5 2 2 3
Ž .We conclude that 1 2 m m . This contradicts the fact that the2 1
m are integers. Q.E.D.i
Remark. In contrast, one diagram automorphism of D of order 2 doesm
extend to a Weyl group element of D for nm.n
BORHO AND JOSEPH142
7.8
EXAMPLE
Ž .PROPOSITION. Assume that J is regular so  regular and
Ž .a either  is of type E and  is of type D6 4
Ž .b or  is of type E or E and  is of type E .7 8 6
Let a be a non-triial diagram automorphism of . Then a extends to an
Ž .element of the Weyl group W of  of the same order 2 resp. 3 , but not
triially on .
Ž .Proof. It is enough to consider  of type E in case b . The diagrams7
Ž . Ž .below show that in both cases a and b the Dynkin diagram automor-
phism a extends to an automorphism a of the extended Dynkin diagram
˜ ˜E resp. E , extended by the longest root  :6 7
The diagram automorphism a of the extended Dynkin diagram sends a
Ž . Ž . Ž .basis  , . . . ,  of the big root system n 6, 7 to  , . . . , . Let us1 n n
show that this is realized by an element w of the Weyl group. Consider
Ž .  4case a . Since  ,  , . . . ,  define a system of type E , it is a subbasis1 5 6
 4and so there exists wW sending it to  , . . . ,  . Then either w is the1 6
required element of order 3 or it fixes  . Consider the latter case and let1
b be the non-trivial automorphism of the Dynkin diagram of E . Then6
w  bwb1 W. Yet b, w, w are just the three 2-cycles of the permuta-
tion group S , so one obtains b www1, forcing bW, which is3
Ž . Žimpossible. Case b is even easier. This element w has the order 2 resp.
.3 of a. That the extension of a trivial on  is not in W is obvious. Q.E.D.
7.9
Ž .THEOREM. Let J be a completely prime primitie ideal of U  with rigid
 Ž .associated nilpotent orbit O as in 7.4 i . Assume that J is maximal and
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Ž Ž . .regular i.e., JU  ,  has regular central character . Then the relatie
Dixmier map of 7.5 is well defined.
Proof. We may assume  to be simple; the semisimple case works
similarly. By 7.6, it is enough to consider  of type D or E . So  has atn n
most one simple component of type other than A. By the proof in 7.6 it is
enough to consider the case where R is simple of type D or E . So  hasm 6
Ž .a Dynkin-diagram automorphism a of order 2 or 3. Let JAnn L 
with   R. It is enough to prove that a fixes  and hence J, again
by 7.5 and 7.6. Note that  is dominant since J is assumed to be maximal.
Ž .J is completely rigid, since its associated orbit is rigid 6.12 . Hence by
Ž .    6.11 a the integral root system R of  in R has rank R  rank R , 
with basis B R . 

LEMMA. Up to conjugacy the roots  of B not fixed by the Dynkin
Ž . diagram automorphism a a  are contained in B .
To prove this, we use Dynkin’s classification of sub-root systems of
maximal rank: Up to conjugacy, these are obtained from the Dynkin
 Ždiagram of B by adding the affine simple root  negative of the
.highest root , suppressing an arbitrary simple root  , and repeating this
process.
We may assume that R is obtained from R by repeated application of
Dynkin’s process, say r times. Let  be the root suppressed in the ithi
application. Then we observe that
   4 B  B   , . . . ,  is contained in B . 1Ž .1 r 
For B is contained in R  R , and its roots are indecomposable even in 

R and so also in R  R . But the indecomposable roots in R  R are
  
  

just B . So B B . 
We now prove the lemma case by case in the cases which remain. First
let B be of type D , with completed Dynkin diagramm
and a of order 2 swaps just  and  . Suppressing  or  does not1 2 1 2
change the type of the original Dynkin diagram: The process gives no
proper subsystem in these cases. This holds similarly for repeated applica-
tions of Dynkin’s process. So in producing a conjugate of B from B by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Ž .the procedure, we never need to suppress  and  . Thus by 1 above1 2
  4  ,   B   , . . . ,   B .1 2 1 r 
This proves the lemma in the first case.
Second, let B be of type D and let a be of order 3:4
Then the only possibility to produce a proper subsystem of rank 4 is to
   4suppress  and B  B   ,  ,  contains all three roots properly3  1 2 4
permuted by a.
Third, let B be of type E :6
Up to symmetry only suppressing  or  can give a proper subsystem of4 3
equal rank, namely of type A  A resp. A3 . Since the resulting systems5 1 2
are of A-type we need not repeat Dynkin’s process to obtain B . Now a
swaps  with  and  with  . Again, these are all contained in B in1 6 2 5 
Ž .both cases, using 1 again. This finishes the proof of the lemma.
To finish the proof of the theorem, we now use that J is regular and
 maximal and therefore its Goldie-rank polynomial is 35, II, 6.1 given by
p  cp J B
for some scalar c, where p  denotes the product of the roots in R  R .B  

Now we use that J is also completely prime, so we have
1 rk U  J p 
   c  , 
  . Ž . Ž . Ž . Ž .ŁJ

  Ž .Any  B  B takes integer values on 
 P R and so we must have
Ž . ,   0, for otherwise the coherent family of J would contain members
Ž .of strictly smaller nonzero Goldie-rank by the above formula , which is
impossible since J is completely prime. Since a fixes the roots outside B
 Ž .in B by the lemma and since  is constant zero on the roots inside
B B, we see that a fixes  completely. This was left to be proved.
Q.E.D.
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Ž .Remarks. Notice that  determines the scalar c implicitly since a
Ž Ž Ž ..
.Goldie-rank polynomial must take integer values on 
 P R . Some
 examples are worked out in 35, II, Sections 6.2 and 6.3 . Unlike the
integral case c is not the inverse of the evaluation of p  on . We haveB
Ž Ž ..
no a priori way of knowing that p does take the value 1 on 
 P R ,J
Ž .that is, without an explicit and usually laborious construction of a
 completely prime member J. Unlike the integral case 42, 8.6 , we do not
know if the cp  are the only Goldie-rank polynomials which can takeB
the value 1 at regular weight.
7.10
Ž .Even if the relative Dixmier map 7.5 should not be well defined in
Ž . Ž .some cases, we can always speak of its image, which is X J,   X J,  .
Hence this image is a sheet in X 1 which is een a sheet in X . So the arious
relatie Dixmier maps map sheets to sheets.
PROPOSITION. The arious relatie Dixmier maps map different sheets to
different sheets.
Ž .Conjecturally, the prime ideal PX J,  should have associated
Ž .variety V gr P  S, determining the sheet S we started from. It would be
Ž .  enough to prove that V gr P is irreducible. Here the method of 39
breaks down, because we cannot get into the Gabber category G used in
 39, Section 3 . Without this conjecture, we may argue as follows.
Ž .Proof. We start from two different sheets S i 1, 2 in  , given byi
Ž  .  Ž , O , where O is a rigid nilpotent orbit in the Levi subalgebra  cf.i i i i
. Ž .7.2 . We assume that there exist primitive ideals J in U  with associatedi i
Ž . Ž . Ž .variety V gr J  O . Now assume that X J ,   X J ,  , where  isi i 1 1 2 2 i
the center of  . Then by 6.5 and 6.9 we conclude that  and  arei 1 2
conjugate, so  and  are conjugate, and we may assume that      ,1 2 1 2
    . Furthermore we conclude from 6.5 that J and J are1 2 1 2
conjugate under a Dynkin diagram automorphism a of  , where a is
induced from a Weyl group element of . If J  aJ , then2 1
 O  V gr J  V gr aJ  aV gr J  aO ;Ž . Ž . Ž .2 2 1 1 1
  Ž .so the orbits O and O are a-conjugate and different and rigid . On1 2
 Ž .  the other hand O is a-stable by 7.4 1 , so O  O , so S  S , a con-1 1 2 1 2
tradiction. Q.E.D.
Ž .Remark. Recalling that for  classical the assumption 7.4 i for the
Ž  .definition of our relative Dixmier map is always satisfied McGovern 52 ,
we conclude from the proposition that there are at least as many sheets in
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X 1 as there are sheets in G. There may be more sheets, as we shall see
in Section 7.12.
7.11
Conjecture. The relative Dixmier map is a homeomorphism of a sheet
in G onto a sheet in X 1.
The map is continuous and closed by the theorem below and surjective
by definition. So it only remains to prove injectivity. The conjecture is true,
 for example, for  	 by 11, Theorem 5.15 . So in this case we have an
1 Žcomplete description of X as a finite union of algebraic varieties. The
.sheets in G are homeomorphic algebraic varieties by 7.2. One would
n Ž .like to have a similar description of X in general n .
Ž .THEOREM. Wheneer the relatie Dixmier map 7.5 is well defined, then
it is continuous and closed.
 Ž .Continuity follows in combination with 7.2 from 11, 3.9 c . Closedness
 was proven in 5, 2.2 for the case J of finite codimension, using Soergel’s
 theorem 57 . The general case follows in exactly the same way, using now
 Theorem 5.1 instead of 57 .
7.12
Ž  . Ž .EXAMPLE McGovern 52, p. 45 . a Let  	 of type C . Let I2 n n
Ž . be the maximal ideal in U  with central character given by   ,
Žwhere  is the linear combination of fundamental weights numbered as in
n n 1 n 2 1 .12 with coefficients , , , . . . , . This I is completely prime and2 2 2 2
rigid. On the other hand, the open nilpotent orbit O in the associated
Ž . Žvariety V gr I is induced from the zero-orbit in the maximal parabolic
.with Levi factor  of type A . So by our construction the correspondingn1
sheet SG in G is one-dimensional, and our Dixmier map makes it
correspond to a one-dimensional sheet in X 1.
Now let n 3. Then R is of type A3, that is, of rank equal to that of 1
Ž Ž . Ž .. Ž .C . Therefore  is an isolated point with d U  I   RR  183 
 Ž .4 6 12. So we see by GK-dimension that the one point set I  is a
Ž .singleton sheet. So I  is clearly completely rigid. We have seen that this
singleton sheet does not correspond to a full sheet in G. So this
nilpotent orbit O and sheet SG in G give rise to two different sheets
in X 1, a one-dimensional one and a singleton sheet.
Ž . 1b We see again that there can be more sheets in X than in G.
1 Ž .The sheets in X above are even sheets in X cf. terminology 6.13 . But in
general, a sheet in X 1 need not even be dense in a sheet in X . In type B4
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  Ž .for example, McGovern 52, p. 45 gives a maximal ideal in U  which is
completely prime and induced, but not induced from any completely prime
1 Žideal. So it forms a sheet in X which is not dense in a sheet in X use
.8.3 .
Ž .c The first example above suggests that we may further generalize
Ž .our definition of a Dixmier map 7.4 by assuming on J only that it is
Žcompletely prime and completely rigid. This map as far as it is well
.defined is then defined only on a part of a sheet in G.
In conclusion, the open problem of comparing X 1 to G in detail
remains interesting.
7.13
Ž .Conjecture. If a primitive ideal I  is completely prime and rigid, then
it is completely rigid.
Ž .a This conjecture is true for  regular integral. In fact, for such 
Ž .each completely prime I  is induced from an ideal of codimension one
  Ž .by 42, Theorem 8.6 . So I  is rigid only if it is itself of codimension one,
and this is completely rigid.
Ž .b This conjecture follows for  regular from a conjecture of
 McGovern 52, 8.3 . McGovern’s conjecture states in particular that each
Ž . Ž .completely prime and rigid I  is maximal. Furthermore such I  must
Ž .have R of maximal rank, for otherwise I  would be properly induced by
Ž .the argument in 6.11 proof . But for R of maximal rank, the maximal
max Ž . Ž .ideal I  I  is completely rigid by 6.11 b . Hence McGovern’s
conjecture implies ours in the regular case.
Ž .  c Our conjecture is true in type A by Mœglin’s theorem 55 .
Moreover by 6.10 it would even imply the latter.
Ž .d Conversely it is natural to conjecture that every completely rigid
Ž .family cf. 6.4 admits a completely prime member.
8. SOME TOPOLOGY OF SHEETS
8.1
The topology of X determines the decomposition of X into sheets by
Theorem 5.9. Conversely, the decomposition of X into sheets gives signifi-
cant information on X as a topological space. Here one may recall 10, 1.6,
 Ž .Beispiel that the primitive spectrum X Prim U  and the prime spec-
Ž .trum Spec U  are quasi-homeomorphic and that the topology of the
latter is given by the inclusion of prime ideals. In particular the order
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relation defined by inclusion of primitive ideals recovers part of the
 topology of X . This order relation was described by Vogan in 61 following
 a conjecture of the second author 34 . We remark that the construction of
  Ž 34 led directly to the notion of left cells as admitted in 50, p. XI of
.Introduction and the subsequent proof of the KazhdanLusztig conjec-
tures implied that this order relation is reduced to a purely combinatorial
Ž .though practically insolvable problem.
Ž . Ž .To each sheet S X J,  we may associate a subset S J,  , or 
Ž . simply S , of Spec U  as follows. Let S be an irreducible subset of S and
let Q be the prime ideal obtained as the intersection of the elements of S.
Let S denote the set of all such prime ideals.
Ž .Notice that by 5.7 every Q Spec U  obtains from the above con-
Ž .struction that is belongs to S J,  for some J, . Given a parabolic
subalgebra  of  recall that  denotes a Levi factor of  and  the
center of . Recalling 5.9 we obtain
Ž . Ž . Ž .PROPOSITION. Spec U  is the countable union of the S J,  , as 
runs oer the parabolic subalgebras of  and J oer the completely rigid,
Ž .primitie ideals of U  .
8.2
Ž .a The above result reduces the topology of X to that of the sheets
Ž .and the known order relation of X as follows. Let Y be a closed
irreducible subset of some sheet. By definition Y is given by the topology
Ž .of the given sheet. By Corollary 5.7, we may write Y X J,  , for some
Ž . ŽJ Prim U  rigid and some   closed irreducible but not necessarily
.relative to the same parabolic as defining the sheet . Then by Theorem 5.1
the closure Y of Y in X is just the set of primitive ideals each of which
contains some PY . Since Y is given, the latter set is determined by the
order relation on X . Then, for example, the inclusion relations on prime
ideals is given by the inclusion of the closed irreducible sets they define, as
described above.
Thus the topology of X is completely known once we know the topology
of each sheet and the order relation on X .
Of course the above description is highly implicit. We cannot say when
two prime ideals are ordered in terms of the data provided by Corollary
5.7. It is not even clear what are the inclusion relations between sheet
Ž .closures, though we give 6.9 a precise classification of the sheets.
Similarly, let us note that the sheets in G together with the order
relation on G characterize the topology on G.
Ž .b But we can make explicit the passage from a prime ideal P in
Ž .U  to the corresponding closed irreducible subset Y of X . Let the prime
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Ž .ideal be given as in 5.7 as P I J,  . Then by Theorem 5.1 the set Y
Ž .consists exactly of those primitives containing I J,  for some . To
compute these, we have first to determine the minimal primes over the
Ž .induced ideal I J,  , which we can do by 2.11 in terms of the Goldie-rank
Ž . Ž .polynomials up to scale factors . Then the known order relation on X
finishes the job.
In conclusion, this reduces the description of the topology on X in
principle to a knowledge of the KL-polynomials and to the description of
prime ideals by 5.7.
8.3
ŽPROPOSITION. For each sheet S in X , the Goldie-rank is constant and
.maximal on a dense open subset of S.
Proof. We have seen in 4.8 that the maximal Goldie-rank n on S is
Ž .also the ‘‘generic’’ one see 5.7, remark, for terminology . Now let Y S
be the subset of Goldie-ranks strictly smaller than n. It is enough to show
that Y S. Assume that Y S. Let PSY be the correspond-
Ž .ing prime ideal. Then U  P embeds canonically into the direct product
of rings
U  P U  I.Ž . Ž .Ł
IY
This direct product has nilpotent elements only of order smaller than n.
 By the FaithUtumi theorem 21 it follows that P has Goldie-rank
smaller than n. But the Goldie-rank of P equals the generic Goldie-rank
Ž Ž . .by  of 5.7 , which is n, a contradiction. Q.E.D.
Remark. We can be more precise about the location of ideals of
Ž . nmaximal Goldie-rank n in a sheet S X J,  . Let S  S denote the
Ž . nsubset of ideals of Goldie-rank n. Recall from 4.8 that X J,   S .0
Ž . Moreover, let JAnn L  with   , and let  . Let T denote
Ž . Žthe intersection of 
 
 P R with the chamber defined with respect
.to W. of 
  and with 
 . Then the condition
T is dense in  Ž .
Ž .is sufficient for I J,  to be primitive of Goldie-rank n. For otherwise by
  	 Ž .35, I, 5.12 one would have a dense subset of translated ideals T I J,  :
 
	 T of Goldie-rank strictly smaller than n, in contradiction to the
Ž . n Ž .proposition above. Hence X J, T    S if  is satisfied. Of course
Ž . can sometimes failsee Fig. 1 in the Appendix.
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8.4
Ž . Ž .PROPOSITION. For each sheet S X J,  the subset X J,  contains a
dense open subset of S.
Ž . nIn fact, by the lemma below X J,  contains the subset S  S of
primitive ideals of maximal Goldie-rank n in S. Then the proposition
follows from 8.3.
Problem. Is Sn even open in S?
Ž . Ž .LEMMA. Let P be in X J,  but not in X J,  . Then its Goldie-rank r is
strictly smaller than n.
Ž . Ž .Proof. Let P contain I I J,  with   , JAnn L  . Let
Ž . Ž Ž ..AU  I. Then A is a subring of B F M 
  , which is a prime
Ž .noetherian ring by 4.4 of Goldie-rank
 rk F L 
   rk F L   rk U  J nŽ . Ž . Ž .Ž . Ž .
Ž .using 4.8 and its proof with appropriate choice of  . Let P , P , . . . , P1 2 m
Ž .be the minimal primes over I, and let r  rk U  P , r  r. Then by thei i 1
Ž Ž ..additivity principle 4.5 ii n is a positive integer linear combination of
the r . So if m 1 then r r  r 
 r  n and the lemma is proven fori 1 1 2
this case.
So assume now that m 1; that is, I has prime radical P. Set F
Fract B, the simple artinian ring of fractions of B, which exists by Goldie’s
theorem, and is a n by n matrix ring over a skew field K. Consider F as an
A, F op-bimodule. Then it has finite length. Consider the chain of subbi-
i Ž . k kmodules P F i 0, 1, 2, . . . . Clearly P  I for some k, so P F 0.
Each nonzero factor M  P i1FP iF of this chain is annihilated by P:i
Claim. Ann M  P if M  0.UŽ . i i
In fact, by a more general criterion of Gabber the Ann M are minimalA i
primes of A if and only if A admits a classical ring of fractions. Since A is
Žhomogeneous for GK-dimension being a subring of the prime ring B, use,
 .e.g., 29, Lemma 11.14 , it does indeed admit a classical ring of fractions
 by 29, 11.11 , and so the Gabber criterion applies to give the claim. The
Gabber criterion was formulated and proved in the second author’s
unpublished Paris lecture notes, but essentially the same result can be
  Žfound in Warfield 64, Corollary 1 , referring to those notes. One can do
here without Gabber’s criterion by observing that Ann M  P is true fori
.at least one value of i and the length of the chain is at least two.
i1 i ŽEach nonzero M  P FP F has finite length n , say, as a semisim-i i
. op Ž .ple F -module. So it gives an embedding of U  P into the matrix ring
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Ž . Ž . ŽM K . Then r rk U  P is at most n say by the FaithUtumin ii   Ž . .theorem 21 that U  P contains nilpotent elements of order r . On
the other hand, the sum of the n is n. By assumption PI 0, so PFi
 0, so M  0, so n  0, and r n  n 
 n  n. This proves the2 2 1 1 2
lemma. Q.E.D.
Remark. With slightly more work, the proof gives even that r divides
Ž .the n , so r divides n then. It even re-proves the additivity principle 4.5 ii ,i
which indeed was the aim of the Gabber criterion.
8.5
The topology of the sheets is rather complex, but we show that they have
nicely describable open dense subsets. For this we need a preliminary
lemma.
Fix a parabolic subalgebra  and adopt our usual notation. Fix distin-
 Ž . Ž .  Ž .guished primitive ideals J, J of U  , say JAnn L  , J Ann L  .
 Ž 1Ž  ..Let F denote the finite set of complex numbers  w w.    , 
4 wW,  R . Let  be the complement in  of the finitely many , 
hyperplanes defined by a coroot in RR taking values in F  . , 
LEMMA. Suppose that    ,   and wW. Then , 

  w. 
   implies w  . Ž . Ž .
 Ž 1 . Ž 1Ž  ..Proof. Indeed for all  R one has  w    w w.  
 Ž .  F , since    and so    0. The hypothesis   , then ,   , 
forces w R and so w  , which gives the required conclusion.
Q.E.D.
Ž .Remarks. Of course the hypothesis of  comes from the condition
Ž . Ž  .that I J,  and I J ,  have the same central character. It can be 
deemed a nuisance that   depends on  ,  . However if  ,   are , 
Ž . Ž . integral so F   , we can just replace  by  defined in 4.8 . ,   ,  0
Again we shall generally assume that J, J  are completely rigid and then
 1 1 Ž .conjecturally  ,  are at most or integral so 6F   . However we , 2 3
shall not need this.
8.6
Ž . Ž .Recall 5.9 that  denotes the HarishChandra map from X to
Ž .central characters. Let S X J,  be a sheet, let PS be the
Ž .corresponding prime ideal, and let Z be the center of AU  P. Then
Ž . S identifies with the affine variety Max Z.
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Ž . Ž .PROPOSITION. a Let a sheet S X J,  be gien. Then the restriction
  Ž . of  to a suitable dense open subset S of S is an unbranched finite
coering oer the image in Max Z.
Let us first make the assertion more precise. Consider the stabilizer W
of  in W. We introduce the shifted actions of W on  resp.  given by
w :  w 
    resp. w.. w 
      ,Ž . Ž .B B
where   denotes half the sum of positive roots in R. Now let JB
Ž .   Ann L  with   and consider the subgroup W  wW  w.. 
4  of W . Let a bar denote homomorphic image modulo the normal
subgroup W of W . Then W identifies with a group of Dynkin diagram 
Ž .automorphisms of  , and these we lift to automorphisms of U  . We
denote
  4HW and F hH  hJ J .
Since W  acts trivially on  , H and F act as finite linear groups on  , so: : :
the quotients by these group actions are algebraic varieties H resp.:
F , their topology being the quotient topology of the Zariski topology on:
. The inclusion FH implies a canonical covering map
F H .: :
Removing the branching points, that is, points fixed by a non-trivial group
element, we can restrict to an open dense subset  of  to obtain a map
  F   H ,: :
Ž .which is an unbranched covering. Use that H acts effectively on .
Ž .PROPOSITION. b More precisely, there is a commutatie diagram
   F S1




   Ž . H Max Z:
where  is a homeomorphism and  is an isomorphism of algebraic arieties,
and the primes denote suitable dense open subsets. In other words the
  Ž . Ž .unbranched coering  : S  Max Z mentioned in a is isomorphic to
the canonical coering map  : F H .: :
Ž .Proof. The induced ideal I J,  is primitive for  in a dense open set
 of  by 8.4. To apply 2.10 we need to take  contained in the dense
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open subset  defined there. By making  a little smaller if necessary,N
we can assume also that H and hence F stabilize  and act without fixed
Ž .  Žpoints as above and further that  is contained in  notation 8.5 with , 
.  as above . Clearly this new  is still open dense in .
Now let , 	  be in the same F -orbit, say:
 w : 	 with w F .
Ž Ž . Ž ..Then by DufloVogan 5.4 c  we have
I J , 	  I wJ ,  ,Ž . Ž . 
Ž . Ž .and since wJ J by w F, this gives I J, 	  I J,  . That is, the map 
Ž .   I J,  is constant on F -orbits and hence a map  :  F S as in : :
the diagram.
If only  w : 	 with wW , that is, w..  , then the central
Ž . Ž .  characters of I J,  resp. I J, 	 are still equal: Since   
  , one  B
computes
w. 	
   w : 	
 w.. 
 Ž .
so 	
  and 
  define the same central character by the Harish
 Ž .Chandra theorem. This proves that a morphism  :  H Max Z is:
Ž .well defined and that it makes the diagram in b commutative.
Let us now prove that  is bijective. It is surjective by definition.
Assume that , 	  define the same central character; that is, 
 
Ž .and 	
  are W. -conjugate, say 
  w. 	
  , for some wW.
Since we chose  contained in  , we conclude by 8.5 that w  and , 
  Ž .w   ; that is, wW . From 
  w. 	
   w : 	
 w.. we
conclude that
 w : 	 and  w.. ;
so wW  and hence  and 	 are in the same H -orbit. This proves that :
 is injective.
Ž . Finally, let us prove that  is injective hence bijective . Let , 	 
Ž . Ž .be such that I J,   I J, 	 . In particular, the central characters are 
equal, and we have seen this implies that  w : 	 with wH. Then by
Ž . Ž . Ž . Ž . Ž .5.4 c  I J,   I wJ, w : 	  I wJ,  . One checks that J and wJ  
Ž . have the same central character see first part of 8.7 . Then by choice of 
and 2.10, we conclude from this equation that wJ J, and hence w F.
So  and 	 are in the same F -orbit, and this shows that  is injective.:
  Continuity of  follows from 11, 3.9 . Since  F has the quotient:
topology,  is closed by 5.1. So  is a homeomorphism.
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Finally,  is an isomorphism of algebraic varieties: It obviously extends
˜to an algebraic map  : HMax Z which is surjective. As a quotient of:
˜ by a finite linear group action, H is normal. We have seen that  has:
˜one-element fibres on an open dense subset; so  has mapping degree 1.
˜Then it follows that  must be the normalization of Max Z, i.e., the
˜maximal spectrum of the integral closure of Z. In particular,  is generi-
cally an isomorphism. Q.E.D.
8.7
The degree c of the covering described in 8.6, given by the group index
  Žc H : F , is obviously an invariant of the sheet S. In fact, c is the
number of minimal prime ideals containing 
 A for a generic maximal
.ideal 
 of Z. In particular, this number is independent of the choices of J
and  and of the open dense subset S in S. We call it the covering degree
c of the sheet.
Ž .The covering is trivial c 1 in most cases. In fact, we first claim that
hJ has the same central character as J for all hH. Let wW 
represent h; so w..  and we can write w xy with yW  and
  Ž . xB  B x identifies with h . Since W lifts to the adjoint group of  ,
Ž . Ž   .which stabilizes two-sided ideals in U  , we have using xB  B
w1 J y1 x1 J x1 JAnn L x1Ž .
and
x1 x1 .. x1 ..w.. x1 w.. y.. .
So  and x1 are in the same W .. -orbit, and hence J and w1 J have
the same central character. Similarly J and wJ have the same central
character.
So if J has finite codimension, J is stabilized by H; that is, FH and
c 1.
Ž . Ž .COROLLARY. a For a sheet S X J,  with J of finite codimension, the
coering degree is 1.
Ž .Now recall 5.6 that J is completely rigid. We saw in 6.10 that for  of
type A all completely rigid ideals are of finite codimension. So then the
covering degree of a sheet is 1. More generally, by this reasoning, the
group H must have trivial components in each component of  of type A.
So only the components of  of type D or E may contribute to the groupn 6
ŽH since H acts by Dynkin diagram automorphisms of  and only D andn
Ž .E or A , which we just excluded admit non-trivial Dynkin diagram6 n
.automorphisms, at most an S in type D . Note that if  is simple, at3 4
most one such component of type D or E occurs in . So we obtain then 6
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Ž .COROLLARY. b Let  be simple. If  is not of type D , E then eachn n
sheet has coering degree 1. If  is of type D , the coering degree of a sheetn
may be at most 2. If  is of type E , then the coering degree of a sheet mayn
be at most 6.
We shall see in the subsequent examples that the possible values of the
covering degree of a sheet are 1, 2, and 3 if  is simple.
8.8
It remains to show that sheets which are non-trivial coverings do really
Žexist. We show that covering degree 2 occurs in D . We use the notation5
.of 8.6 and 8.7.
EXAMPLE. Take  of type D and  of type D . Denoting B in5 4
 Bourbaki notation 12 ,
B is the set of  ,  ,  ,  . In order to specify a sheet, we have to2 3 4 5
Ž .specify a completely rigid ideal J in U  . Write s  s for short, andi  i
take the Weyl group elements
y s s s s s s W 2 3 4 5 3 2
and
x s s s s s s s s W .1 2 3 4 5 3 2 1
One checks that y interchanges  ,  , fixes  , and sends  to  ,4 5 3 2
while x interchanges  ,  , fixes  ,  , and sends  to  . Here 4 5 2 3 1
resp.   denotes the longest root of R resp. R. In particular the element
w xy fixes R; that is, wW .
To find a suitable  with w..  , consider first the equation w	 	
 Ž . Ž .with 	  . This is equivalent to w	,   	,  for i 2 and hasi i
the solution
	 a
 b
 c  
 a 
 b 
 c ,Ž . 2 3 4 5
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where the  are the fundamental weights, and a, b, c, which onei
checks lies in  . Now assume a, b, c integer, a 0, and c b 0. Then
s s s 	 a 
 2c 
 c b  
 c b   a
 b
 c Ž . Ž . Ž .4 3 2 2 3 4 5 1
is B-dominant and regular. Put  	   . ThenB
J I   Ann L Ž . Ž .
Ž  .is an almost maximal ideal with -invariant in the sense of 11, 2.14 equal
  4 Ž  .to B   . Indeed, by elementary cell theory use 31, 1.5, Theorem4
J I    I  s ..  I  s s ..  I  s ..
Ž . Ž . Ž . Ž .2 3 2 4

  for the dominant conjugate   s s s .. . So by 11, 2.17 , J is in fact the4 3 2
almost maximal ideal with this -invariant. The associated variety of J is
Žthe closure of the minimal orbit because the almost maximal primitive
ideals, dual to the almost minimal ones, constitute a single W -module
spanned by their Goldie-rank polynomials, and this corresponds to the
 .minimal orbit by 30 . Since this orbit is rigid, J is completely rigid by 6.12.
Ž .Therefore J determines a sheet S X J,  by Theorem 6.8.
Now consider
   x x	 x  x	  B B
and
J   I    Ann L   .Ž . Ž .
 Ž  . Ž . Ž  . Then similarly J  I   I s ..  I s s .. , and J is almost max-2 3 2
   4 imal with -invariant  J  B     J. So J is different from J.5
On, the other hand, since x stabilizes B,
wJ xI    I  x ..  I  x  I     J   JŽ . Ž . Ž . Ž .
whilst w..  by construction. So wW  determines an element hH
which does not fix J. This shows that F is strictly contained in H, so
 c H : F  1. Then of course c 2. Hence the sheet isgenericallya
twofold covering over central characters.
Remark. Similarly the result holds for  of type D with  of typen
1
D : n 4. Though the calculation also goes through when n 3, then
corresponding ideal J is not completely rigid and S is not a sheet.
8.9
Next we want to show that sheets of covering degree 3 occur in E .6
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EXAMPLE. Let  be of type E , and let  be of type D . We denote by6 4
 the central and by  ,  ,  the peripheral roots of B:2 1 3 4
Let B be the fundamental weight corresponding to  . We takei i
	 a  
  
  
 bŽ .1 3 4 2
with some positive integers a, b. This is dominant regular and fixed under
Ž .the cyclic permutation of the peripheral roots. Set J Ann L s 	 fori i
Ž .   4i 1, 3, 4. These ideals are almost maximal with -invariant  J  B  i i
and have associated variety the closure of the minimal orbit; see 8.8. By
Ž  .elementary cell theory use 31, 1.5, Theorem one has
J  I  s 	  I  s s 	  I  s s s 	  I  s s s 	 ,Ž . Ž . Ž . Ž .1 1 2 1 3 2 1 4 2 1
with similar assertions for J , J .3 4
 4For each pair i, j 1, 3, 4 with i, j distinct, we obtain an involution
y  s s s s ,i , j 2 i j 2
and putting   s s 	 we havei 2 i
y    .i , j j i
Now let xW be an element in the Weyl group of E which stabilizes6
ŽD , permuting the peripheral roots cyclically        such an4 1 4 3 1
.element exists by 7.8 . Then x permutes the  cyclically      i 1 4 3
 . Consequently1
xy   x   ; that is, w xy W 1 B .1, 3 1 3 1 1, 3 
Ž  Ž ..On the other hand since W stabilizes two-sided ideals of U 
xy J  xJ Ann L x  JŽ .1, 3 1 1 1 4
1 1 1 1 1 1xy J  x xy x J  x J Ann L x   JŽ . Ž . Ž .1, 3 1 1, 3 1 1 1 3
and similarly
xy J  J , xy J  J .3, 4 3 1 1, 4 4 3
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 1 BNow w xy defines an element w in HW of order 3, and J1, 3  1
generates an orbit of order 3 under the action of w. So the covering degree
Ž .   Ž .of the sheet X J ,  is c H : F  3 or 6 notation 8.6 , since it is1
divisible by 3 and a divisor of the order of the full automorphism group of
Ž .D which is the permutation group of order 6 .4
To exclude the case c 6, it is enough to see that J does not generate1
an orbit of order 6 under the action of the full automorphism group of D .4
For this it is enough to observe that there are only four primitive ideals of
this GK-dimensionthe minimal one  0. In fact, there corresponds only
one Goldie-rank representation, the Springer representation of the mini-
mal orbit, and this has dimension 4. A more general argument is given
in 8.11.
8.10
The following lemma will be useful in the next section.
Ž . LEMMA. Fix a lattice  
 P R in  and consider a Dynkin
diagram automorphism x of B which fixes B . Let I I be a coherent family w
Ž .of primitie ideals relatie to  and wW . Then we hae
xp  p ;I x I
that is, the x-action on primitie ideals can be studied on their Goldie-rank
polynomials.
ŽNote that the lattices  and x need not coincide as in Example 2 of
. 16.6 . But since xB  B by hypothesis, so W  xW x W .  x  
Ž . 
Proof. A typical member of the family is Ann L w.	 , where 	 .
By transport of structure
x Ann L w.	 Ann L x w.	 . 1Ž . Ž . Ž .Ž . Ž .
Ž . Ž 1 . Ž .Yet x w.	  x.w.	 xwx . x.	 using x  since xB B , and
Ž .
 Ž .x.	 x	 x . So by definition and 1 the Goldie-rank polynomial
Ž Ž .. x 1of x Ann L w.	 is p . Since the Goldie-ranks polynomials ofx w x
Ž Ž .. Ž .x Ann L w.	 and Ann L w.	 are equal by transport of structure,
p x 1 x .	
   p 	
   xp x .	
  ,Ž . Ž . Ž .x w x w w
we conclude the equality of Goldie-rank polynomials
xp  xp p x 1  p .I w x w x x I
Q.E.D.
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8.11
Next we show that the covering degree of a sheet cannot be 6 if  is
simple.
Ž .We prove more: Let S X J,  with J assumed only rigid, but not
necessarily completely rigid. Then Proposition 8.6 holds analogously; that
Ž .is, S is a covering over central characters on some open dense subset . We
prove that in this more general situation the covering degree is never 6 if
 is simple and the derived algebra of  is simple. This will follow from the
LEMMA. Let  be of type D . Let  S be its group of Dynkin diagram4 3
automorphisms. Then  has no orbit of order 6 in the primitie spectrum
Ž .of U  .
From the lemma it follows that the covering degree c is never 6, since by
 discussion in 8.6 c H : F divides the order of the -orbit J.
Proof. Let us first assume the primitive ideal J of integral central
Ž .character.  acts by automorphisms on U  and so preserves GK-dimen-
sion. The number of primitive ideals of given GK-dimension can be
computed, e.g., from the dimensions of Springer-representations as
GK-dimension of J 0 10 12 18 20 22 24
deg p 12 7 6 3 2 1 0J
 of J 1 4 9 8 9 4 1
By Lemma 8.10 we have to exclude that a p generates a -orbit of orderJ
6. An orbit of order 6 could only occur in degrees deg p  6, 3, or 2. TheJ
cases 6 and 2 are interchanged by multiplication of the Goldie-rank
representations with the sign character. So it is enough to consider 2. In
Ždegree 2, the nine Goldie-rank polynomials are notation 8.9,   
1
.2 
  
 2 3 4
  ,   ,   ;   ,   ,   ;1 3 1 4 3 4 1 3 4
  
  
  ,   
  
  ,   
  
  .Ž . Ž . Ž .2 1 2 3 2 1 2 4 2 3 2 4
These are three -orbits of order 3, so there are none of order 6.
1 Ž .In degree 3, one of the eight Goldie-rank polynomials is    
  ,1 2 1 22
which generates a -orbit of order 3. Then the remaining five Goldie-rank
polynomials cannot include a -orbit of order 6. This settles the integral
case.
Ž .  4Next let JAnn L  , with B , of type A , the most complicated type 1
of non-integral central character. Then the primitive ideals are distin-
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guished by their -invariants, and their number is
GK-dimension of J 16 18 20 22 24
deg p 4 3 2 1 0J
 of J 1 4 6 4 1
So an orbit of order 6 could only occur in degree 2. But the Goldie-rank
Ž .polynomials of degree 2 are with   
 2 
  
 1 2 3 4
  ,   ,   ;   ,   ,   ,1 3 1 4 3 4 1 3 4
which are two orbits of order 3.
 Ž .The remaining cases for B are settled similarly and more easily .Q.E.D.
8.12
Ž .If S X J,  with J assumed only rigid, then coverings of arbitrarily
large degree can occur when the semisimple part of  is not simple. Let us
   take B of type A with n even and B 	B where B   ,4 n1 i i 4 i3
4     Ž .  ,  ,    
  
  notation 8.9 , and s  s :4 i2 4 i1 i 4 i3 4 i2 4 i1 i 4 i2
i 1, 2, . . . , n.
      Ž .Set 	  
 s  
  
 
s  . As in 7.8 or directly one checks1 2 2 3 n n
that there exists x Aut BW interchanging B, B . Set y  s s .i i i
1 i i i
1
Then x y 	 	. The group generated by the x is the permutation groupi i i
Ž .S and Stab 	 identifies with S  S . Taking JAnn L 	  ,n S n2 n2 Bn
then from the above following through the analysis of 8.9, we conclude
nŽ . Ž .that S X J,  admits an -fold covering. The Goldie-rank polyno-n2
mial of J is a product of the Goldie-rank polynomials defined for each Bi
based on the polynomials of 2.8, Example 3. Thus J is rigid, but not
completely rigid; so S is not a sheet. Its Goldie-rank is 2 n. One can of
course get higher Goldie-ranks based on this example, but not lower
Ž .Goldie-ranks for fixed n if we require J to remain rigid.
The importance of such examples is seen if we consider sheets in X n.
These can be expected to be more complicated with respect to coverings
but have less complicated boundaries.
Finally we remark that the well-definedness of our generalized Dixmier
map means that the corresponding sheet in X 1 should have covering
degree 1. Here J is not only completely rigid but also completely prime. By
the translation principle the sheets corresponding to translates of J should
also have covering degree 1. In our examples with  of type D we see that4
this is exactly the case. Indeed in the integral fibre there are four coherent
families of completely rigid almost maximal ideals corresponding, via their
-invariant, to the four simple roots. The central root invariant under the
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Dynkin diagram automorphisms not only gives rise to the sheet with trivial
covering but also to the completely prime member. The peripheral roots
give rise to coverings of order 2 or 3 depending on which Dynkin diagram
automorphisms are realized in W. We believe that this rather beautiful
picture represents the general situation.
8.13
A topological space is called strictly irreducible if it does not admit a
Ž .finite or countable covering by proper closed subsets. For example, a
Ž .complex quasi-affine irreducible algebraic variety is strictly irreducible by
  Ž . Ž . Ž11, 3.11 . This shows iii  ii of the following corollary because a space
containing a strictly irreducible dense subset is obviously itself strictly
.irreducible .
COROLLARY. For a subset Y X these assertions are equialent:
Ž .i Y is a sheet.
Ž .ii Y is strictly irreducible with constant GK-dimension and maximal
with these properties.
Ž .iii Y contains a dense open subset homeomorphic to a quasi-affine
Ž .irreducible algebraic ariety, and Y has constant GK-dimension and is
maximal with these properties.
Ž . Ž .Proof. i  iii By 8.6.
Ž . Ž .iii  ii As above.
Ž . Ž . Ž .ii  i There are only countably many sheets in X use 4.3 . So
Ž i. Ž .the sheets give a countable covering of Y by some sheets S i .
Since Y has constant GK-dimension d, all sheets S Ž i. may be assumed to
have GK-dimension d. Since Y is strictly irreducible, we conclude that
Ž i. Ž i. Ž i. Ž i.Ž .Y S for some i. It follows that Y S  S . Since S is irre-d
Ž . Ž . Ž .ducible as a sheet, and even strictly irreducible by i  iii  ii , we
conclude by maximality that Y S Ž i.. Q.E.D.
APPENDIX
Here we suggest a possible alternative proof of Theorem 5.1 based on
  Ž Ž . .31 . It has the advantage of indicating a finer result see C2 below .
Ž . Ž .Let P: U  U  denote the HarishChandra projection. Following
  Ž . Ž .31 define the characteristic variety V I of an ideal I of U  to be
V I     P I   0 . 4Ž . Ž . Ž .
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Ž .FIG. 1. Example A see below . The black lines describe the reflection hyperplanes2
Ž . Ž .translated by  as labelled by the corresponding roots. The dashed resp. dotted black lines
Ž .n 
 
  correspond to n 0 resp. n 1 , taking also  n for the points. Notice1 2
 4that on the vertical line n 
 
 :   : n, the set of points for which the radical1
Ž . Ž . Žof Ann M 
  is not prime is its intersection with P R  s C and is a finite set more 2
.appropriately has closure of dimension  dim  . This is a general phenomenonsee
discussion following 8.3.
 Ž . Ž Ž .. Ž . Ž .One has 31, Lemma 1 i that  V I 	 if and only if I 	  I 
Ž .and so V  describes the inclusion relations between primitive ideals.
Now take 	  dominant and regular. Fix yW . The left cone	
Ž . Ž . Ž .resp. cell of W is the set of all wW such that I w.	 	 I y.	 resp.	 	
Ž . Ž . Ž Ž ..I w.	  I y.w . By the HarishChandra isomorphism V I y.	 is con-
 4 Ž .tained in W.	 and by 3.12 takes the form w.	  wD C y where C yŽ .	
Ž . Ž .resp. C y is the left cell resp. cone containing y.Ž .
 By a result of Vogan 61, Theorem 3.2 and the truth of the
KazhdanLusztig conjectures, the left cones and cells are determined by
the KazhdanLusztig polynomials. The latter only depend on W defined	
 Žas a Coxeter group. In particular if W W , then the left cells resp.	 	
. Ž . Ž .cones are the same whether they refer to Prim U  or to Prim U  .
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 Ž .By, say, 49, 7.1.10 i one has
 V I  I I  . Ž . Ž . Ž .
Ž .Thus more generally V  determines the topology of X . It is therefore
Ž Ž ..interesting to calculate V I J,  . A suggested formula is given below
and how it may lead to a second proof of 5.1.
 Ž . Ž .Let P : U  U  be the HarishChandra projection defined rela-
Ž . Ž .tive to . Similarly define V J for any ideal J of U  . In the notation of
5.1 one has
V  Ann L 
   V  Ann L  
  V  J 
 ,Ž . Ž . Ž .Ž . Ž .
for all  . In the following we shall always assume J to be distin-
guished.
Ž .Let P denote the projection of U  onto the first summand of
Ž . Ž . Ž op Ž . Ž . . U  U    U  
U   . Obviously PP P . Now recall
Ž .that by definition I J,  is the largest two-sided ideal contained in
Ž .Ž Ž .. Ž Ž ..U  Ann L 
  . It is immediate from the above that V I J, UŽ . 
Ž .	 V J 
 . We conjecture that
V I J ,  	D. V  J 
  . C1Ž . Ž . Ž .Ž .Ž .
Ž . This certainly holds for   since then M 
  is simple, D 0 
D , and we may use 3.12 as explained in paragraph three above.

Moreover W W  W  and so even equality holds, by the truth of
 
 
the KazhdanLusztig conjectures, as explained in paragraph four above.
Ž .However as we note below equality fails for arbitrary  .
Now assume that    is dense in . We conjecture that0 0
 V P J ,  D. V J 
 . C2Ž . Ž . Ž .Ž . Ž .
Notice that the right-hand side is just the closure of
V I J ,  .Ž .Ž . 
 0
Ž .  Ž .Thus in  we already have the inclusion 	 by 31, Lemma 1 v .
Unfortunately one cannot readily expect equality since P is not intersec-
Ž   .tion preserving but the remark in 31, Section 1 seems to be incorrect .
Ž . Ž .Let us deduce the conclusion of 5.1 when   assuming C1 and0
Ž . Ž . Ž .C2 . Suppose that I X contains I J,  . Then V I , being a finite set,
 Ž Ž . . Ž . Ž .must be a finite subset of D. V J 
 by C2 . Then by C1 , there
exists a finite subset F such that
V I  V I J ,   V I J , Ž . Ž . Ž .Ž .  ž /
F F
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 Ž . Ž . Ž .where the second equality holds by 31, Lemma 1 v and vi . Then by 
above we obtain
I	 I J , Ž . 
F
Ž .and finally I	 I J,  , for some  F, since I is prime.
Let us conclude with an example in type A which already exhibits some2
 4   4surprising features. Write B  ,  and take B   . Let  ,  be1 2 1 1 2
the fundamental weights corresponding to  ,  . Take n and 1 2
Ž . Ž .  4n . This corresponds to the case dim L   n
 1 and V J   .1
  4 Ž Ž . .Moreover setting s  s , we have D  1, s , s s . Thus D. V J 
 i  2 1 2i
  Ž . 4is the union of three lines, namely 	    	  n  n 
1 1 2
and its s . and s s . translates.2 1 2
Ž Ž ..When    , then V I J,  lies in the above union by2 2 
the general theory described above.
Now take   . The affine line 
 
  passes through the2
fundamental chamber C and its translates s C, s s C. Let 	 be the2 2 1
Ž .unique dominant element in W. 
  . When 
 
  s s C, then2 1
Ž . Ž Ž .. Ž .  4M 
  is simple and V I 
  D. 
   	, s .	, s s .	 ,  1 2 1
Ž . Ž .since 	 s s . 
  . When 
 
  C, then M 
  has the1 2 
Ž Ž .. Ž Ž .. Žsame annihilator as its socle L s . 
  and again V I 
  D. 2 
.  4
   	, s .	, s s .	 , since 	 
 . When 
 
  s C, then2 1 2 2
Ž .the radical of I 
  is the intersection of the two primitive ideals
Ž Ž .. Ž  4. Ž .above and so V I 
   W  s s s .	D. 
  since 	 1 2 1
Ž .s . 
  . Surprisingly this still lies in the union of three lines described2
above, though it has two extra points. This calculation combined with 5.1
Ž . Ž .verifies C1 and C2 for 	 .3
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